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Preface

Combinatorial theory is a fascinating branch of mathematics with
numerous applications in engineering, the physical sciences, the social
sciences, economics, and operations research. This is an introductory
book on the subject. It is an outgrowth of a set of class notes I used in
teaching a course in applied combinatorial mathematics offered by the
Electrical Engineering Department at the Massachusetts Institute of
Technology.

The topics covered may be divided into four groups which are
representative of the various aspects of applied combinatorial mathe-
matics: enumerative analysis (Chapters 1 to 5), theory of graphs (Chap-
ters 6 to 9), optimization techniques (Chapters 10 to 13), and design of
experiments (Chapter 14). The level of presentation is appropriate for
advanced undergraduate and first-year graduate students. No prior
knowledge of combinatorial mathematics or modern algebra is assumed.
Sections marked with % may be omitted without loss of continuity.
Necessary algebraic concepts are introduced as needed, and those sec-
tions marked with ® may be skipped by the student who has had a
course in modern algebra.

In view of the fact that thisis an introductory text, I did not attempt
to compile an extensive bibliography. Rather, it is hoped that the stu-
dent will make more effective use of a small number of selected references
accompanying each chapter.

An integral part of the book is the collection of problems at the end
of each chapter. Some of these problems require the student to apply
the abstract concepts developed in the text, whereas others require him
to extend these concepts in a natural way. A book containing the
solutions to all problems has been prepared.

I wish to express my sincere thanks to Professor Gian-Carlo Rota,
who taught me combinatorial mathematics in a most inspiring way.
I want to thank Professor David A. Huffman, who helped to initiate
and organize the course, and has also made many useful technical sug-
gestions. I am indebted to Professor Robert M. Fano, Director of
Project MAC at the Massachusetts Institute of Technology, for his
encouragement and support throughout the writing of this book. Under
his leadership, the atmosphere and environment at Project MAC have
been most favorable and enjoyable. To Mr. Murray Edelberg I owe a
sincere debt of gratitude. He made numerous valuable suggestions for
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the book, helped with the proofreading work, contributed to the problem
sets, and prepared a most thorough solution manual. Thanks are also
due to Dr. Donald R. Haring for reviewing the entire manuscript care-
fully and to Professor Shimon Even and Messrs. Peter J. Denning and
John A. Williams for their suggestions. Special thanks should go to
Miss Kathleen Dimond for the excellent job in typing the manuscript
several times over. Last, but not least, I wish to thank my wife Jane,
who contributed to the problem sets, helped with the proofreading work,
provided many useful criticisms and suggestions related to the text, and
also has been a constant source of encouragement and understanding.

C. L. Liu



Contents

Preface

1-1
1-2

1-4
1-5

*1-7
1-8

2-1
2-2
2-3
2-4
2-5
*2-6
2-7
2-8

3-1
3-2
3-3
*3-4

3-6

4-1
4-2

Permutations and Combinations

Introduction

The Rules of Sum and Product
Permutations

Combinations

Distributions of Distinet Objects
Distributions of Nondistinct Objects
Stirling’s Formula

Summary and References

Generating Functions

Introduction

Generating Functions for Combinations

Enumerators for Permutations

Distributions of Distinet Objects into Nondistinet Cells
Partitions of Integers

The Ferrers Graph

Elementary Relations

Summary and References

Recurrence Relations

Introduction

Linear Recurrence Relations with Constant Coefficients
Solution by the Technique of Generating Functions

A Special Class of Nonlinear Difference Equations
Recurrence Relations with Two Indices

Summary and References

Appendix 3-1 Uniqueness of the Solution to a Difference

Equation

The Principle of Inclusion and Exclusion

Introduction
The Principle of Inclusion and Exclusion

24

24
26
33
38
41
45
46
60

68

68
60
68
73
80
87

88

96

96
97



viii

4-3
4-4
4-5
*4-6
*4-7
4-8

5

5-1
*5-2
5-3
o-4
5-5
9-6
5-7
o-8

6

6-1
6-2
6-3
6-4
6-5

7

7-1
7-2
*7-3
7-4
7-5
7-6
7-7

8-1
8-2
8-3
8-4
8-5

The General Formula

Derangements

Permutations with Restrictions on Relative Positions
The Rook Polynomials

Permutations with Forbidden Positions

Summary and References

Pélya’s Theory of Counting

Introduction

Sets, Relations, and Groups

Equivalence Classes under a Permutation Group
Equivalence Classes of Functions

Weights and Inventories of Functions

Pélya’s Fundamental Theorem

Generalization of Pélya’s Theorem

Summary and References

Fundamental Concepts in the Theory of Graphs

Introduction

The Connectedness of a Graph
Euler Path

Hamiltonian Path

Summary and References

Trees, Circuits, and Cut-sets

Trees and Spanning Trees

Cut-sets

Linear Vector Spaces

The Vector Spaces Associated with a Graph
The Bases of the Subspaces

Matrix Representation

Summary and References

CONTENTS

102
106
109
111
116
118

126

126
127
132
141
143
147
164
160

167

167
171
173
179
181

186

186
188
191
193
196
198
201

Appendix 7-1 The Number of Vectors in the Bases of a

Vector Space

Planar and Dual Graphs

Introduction
Euler’s Formula
Kuratowski’s Theorem

Dual Graphs
Summary and References

201

206

206
208
211
222
230



CONTENTS ix

O Domination, Independence, and Chromatic Numbers 234
9-1 Dominating Sets 234
9-2 Independent Sets 238
9-3 Chromatic Numbers 242

%9-4 The Chromatic Polynomials 248
9-5 The Four-color Problem 260
9-6 Summary and References 2567
10 Transport Networks 259

10-1 Introduction 269
10-2 Cuts 261
10-3 The Max-flow Min-cut Theorem 263
%10-4 An Extension 268
10-5 Summary and References 276
11 Matching Theory 280
11-1 Introduction 280
11-2 Complete Matching 281
11-3 Maximal Matching 287
*11-4 An Alternative Approach 292
11-5 Summary and References 295
12 Linear Programming 298
12-1 Introduction 298
12-2 Optimal Feasible Solutions 302
12-3 Slack Variables 307
12-4 The Simplex Method 315
12-5 The Tableau Format 320
12-6 Complications and Their Resolutions 323
*12-7 Duality 330
12-8 Summary and References 337
13 Dynamic Programming 343
13-1 Introduction 343
13-2 The Principle of Optimality 347
13-3 Functional Equations 362
13-4 Summary and References 366
14 Block Designs 359
14-1 Introduction 369

14-2 Complete Block Designs 362



x CONTENTS

14-3 Orthogonal Latin Squares 364
14-4 Balanced Incomplete Block Designs 370
14-5 Construction of Block Designs 374
14-6 Summary and References 381

Index 386



Chapter 1
Permutations
and Combinations

1-1 INTRODUCTION

When groups of dots and dashes are used to represent alphanumeric sym-
bols in telegraph communication, a communication engineer may wish to
know the total number of distinct representations consisting of a fixed
number of dots and dashes. To study the physical properties of mate-
rials, a physicist may wish to compute the number of ways molecules
can be arranged in molecular sites or to compute the number of ways
electrons are distributed among different energy levels. A transporta-
tion engineer may wish to determine the number of different acceptable
train schedules. A computer scientist may wish to have some idea about
the number of possible moves his chess-playing program should examine
in responding to each of the opponent’s moves. Enumerating problems
such as these are discussed in the basic theory of combinations and permu-
tations, the topic studied in this chapter.

The words selection and arrangement will be used in the ordinary
sense. Thus, there should be no ambiguity in the meanings of state-
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ments such as “to select two representatives from five candidates,” ‘‘there
are 10 possible outcomes when two representatives are selected from five
candidates,” ‘‘the books are arranged on the shelf,”” and ‘‘there are 120
ways to arrange five different books on the shelf.”” The word combination
has the same meaning as the word selection, and the word permutation
has the same meaning as the word arrangement. Formally, an r-combina-
tion of n objects is defined as an unordered selection of r of these objects,
and an r-permutation of n objects is defined as an ordered arrangement of r
of these objects. For example, to form a committee of 20 senators is an
unordered selection of 20 senators from the 100 senators and is therefore
a 20-combination of the 100 senators. On the other hand, the outcome
of a horse race can be viewed as an ordered arrangement of the ¢ horses
in the race and is therefore a {-permutation of the ¢ horses. Notice
that we are simply defining the terms r-combination and r-permutation
here and have not mentioned anything about the properties of these n
objects because there is no need to do so as far as the definitions are
concerned.

We are interested here in enumerating the number of combinations
or permutations of a given set of objects. The notation C(n,r) denotes
the number of r-combinations of n distinct objects, and the notation
P(n,r) denotes the number of r-permutations of n distinct objects. In
the following sections, both C(n,r) and P(n,r) shall be evaluated. How-
ever, it is quite clear that C(n,n) = 1 (there is just one way to select n
objects out of n objects), C(n,1) = n (there are n ways to select one object
out of n objects), C(3,2) = 3 (for three objects A, B, and C, the selections
of two objects are AB, AC, and BC), and P(3,2) = 6 (for three objects
A, B, and C, the arrangements of two objects are AB, BA, AC, CA, BC,
and CB).

1-2 THE RULES OF SUM AND PRODUCT

Among the five Roman letters a, b, ¢, d, and e and the three Greek letters
a, B, and v, it is clear that there are 5 X 3 = 15 ways to select two
letters, one from each alphabet. On the other hand, since there are
five ways to select a Roman letter and three ways to select a Greek
letter, there are 5 + 3 = 8 ways to select one letter that is either a
Roman or a Greek letter. These notions are stated formally as the
following basic rules:

Rule of product If one event can occur in m ways and another
event can occur in n ways, there are m X n ways in which these two
events can occur.
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Rule of sum If one event can occur in m ways and another event
can occur in » ways, there are m + n ways in which one of these two
events can occur.

Clearly, the occurrence of an event can mean either the selection
or the arrangement of a certain number of objects. Consider the follow-
ing illustrative examples.

Example 1-1 To choose two books of different languages among five
books in Latin, seven books in Greek, and ten books in French,
there are 5 X 7 + 5 X 10 + 7 X 10 = 155 ways since there are
5 X 7 ways to choose a book in Latin and a book in Greek, 5 X 10
ways to choose a book in Latin and a book in French, and 7 X 10
ways to choose a book in Greek and a book in French. However,
there are 22 X 21 = 462 ways if we just want to choose two books
from the twenty-two books. m

Example 1-2 By the rule of product
P(n)r) = P(T,T) X C(n,r)

because one can make an ordered arrangement of r of n distinct
objects by first selecting r objects from the n objects and then
arranging these r objects in order.

By the rule of sum

Cnr) =Cn—1,r—1)+Cn—1,r)

This can be seen from the following argument. Suppose that one
of the n distinct objects is marked as a special object. The number
of ways to select r objects from these n objects is equal to the sum
of the number of ways to select r objects so that the special object
is always included [there are C(n.— 1, r — 1) such ways] and the
number of ways to select 7 objects so that the special object is always
excluded [there are C(n — 1, r) such ways]. m

1-3 PERMUTATIONS

Let us now derive an expression for P(n,r), the number of ways of arrang-
ing r of n distinct objects. Observe that arranging r of n objects into
some order is the same as putting r of the n objects into r distinct (marked)
positions. There are n ways to fill the first position (to choose one out
of the n objects), » — 1 ways to fill the second position (to choose one
out of the n — 1 remaining objects), . . . , and n — r + 1 ways to fill
the last position (to choose one out of the n» — r + 1 remaining objects).
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Thus, according to the rule of product, we have

Pnyr) =n(n—1) -+ (n—r+1)
Using the notation
nl=nn—1)n—-2) ---3X2X1
for n > 1 (n! is read n factorial),
_nn—=1)n—-2) - n—r+1)n-—-1r) - -3X2X1
Pn,r) = m—r1) - -3X2X1
_ nl
~ (n—1)!

Example 1-3 As we mentioned earlier, the number of ways of arranging
two of three distinet objects is

Example 1-4 There is an alternative way to derive the formula

n!

We shall show that P(n,n) = n! by induction. Clearly, as
the basis of induction, P(1,1) = 1 = 1!. As the induction hypoth-
esis, suppose that P(n — 1,n — 1) = (n — 1)!. To arrange n dis-
tinct objects in order, we single out a special object and arrange
the remaining n — 1 objects first. For each ordered arrangement
of these n — 1 objects, there are n positions for the special object
(the n — 2 positions between the arranged objects and the two end
positions). Therefore, according to the rule of product, we have

P(n,r) =

Pinn) =n XPn—1,n—1)=nX(n—1)! =n!

Suppose that we divide n marked positions into two groups,
the first r positions and the remaining n — r positions. According
to the rule of product, the number of ways of putting n objects in
these n positions is equal to the product of the number of ways
of putting r of the n objects in the first  positions and the number
of ways of putting the remaining n — r objects in the remaining

1 The definition of n! given here is valid only for positive integers. The definition of
n! when » is a fraction or a negative number is discussed under the topic “gamma
functions” in advanced calculus. (See, for example, Buck [1].) It should also be
pointed out that the value of 0!is 1.
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n — r positions. Therefore, we have
P(nm) = P(nyy) X P(n —r,n — )
that is,

_ P(n,n) _ nl
P(nr) = Ph—r,n—1 (n—r1) "

Example 1-5 In how many ways can n people stand to form a ring?
Observe that there is a difference between a linear arrangement
and a circular arrangement of objects. In the case of circular
arrangement, the n people are not assigned to absolute positions,
but are only arranged relative to one another. There are two ways
of looking at this problem.

Method 1 1If the m people are arranged linearly and then the
two ends of the line are closed to form a circular arrangement, we
have a total of P(n,n) such arrangements. However, since only
the relative positions of the n people are important, two of the
circular arrangements obtained in this manner are actually the same
if one arrangement can be changed into a second arrangement
by rotating the first arrangement by one position, or two posi-

tions, . . . , or n positions. Consequently, the number of circular
arrangements is equal to

P(n,n) _ ,

— = (n — 1)!

Method 2 If we pick a particular person and let him occupy a
fixed position, the remaining n — 1 people will be arranged using
this fixed position as reference in a ring. Again, there are (n — 1)!
ways of arranging these n — 1 people. =

Let there be n objects that are not all distinet. Specifically, let
there be g1 objects of the first kind, ¢. objects of the second kind, . . . ,
and g: objects of the ¢th kind. Then the number of n-permutations of
these n objects is given by the formula

n!

alg! - - g (1-1)

To derive this formula, imagine that the n objects are marked so that
objects of the same kind become distinguishable from one another.
There are, of course, n! ways in which these n ‘“‘distinet’’ objects can be
permuted. However, two permutations will be the same when the
marks are erased if they differ only in the arrangement of marked objects
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that are of the same kind. Therefore, each permutation of the unmarked

objects will correspond to qilg:! - - - ¢! permutations of the marked
objects. The formula in (1-1) follows.

Example 1-6 Five dashes and eight dots can be arranged in

13!

different ways. Also, to use only seven of the thirteen dashes and
dots, there are

7! 7! 7! 7! 7! 7!

st st 3@ o T e T = 120

distinct representations. m

Example 1-7 To show that (k!)! is divisible by (k)!®*—D! for any integer
k, we consider a collection of k! objects among which there are k of

the first kind, k of the second kind, . . . , and k of the (¥ — 1)!th
kind. The total number of ways of permuting these objects is
given by

(k! (e
k!« - k! (k)eD!

Since the total number of permutations must be an integral value,
(k!)*—D! must divide (k!)!. m

The number of ways to arrange r objects when they are selected
out of n distinct objects with unlimited repetitions is

nf

This result follows directly from an application of the rule of produect,
since there are n ways to choose an object to fill the first position, n ways
to choose an object to fill the second position, . . . , and n ways to
choose an object to fill the rth position.

Example 1-8 Among the 10 billion numbers between 1 and 10,000,000,000,
how many of them contain the digit 1? How many of them do not?
Among the 10 billion numbers between 0 and 9,999,999,999, there
are 91° numbers that do not contain the digit 1. Therefore, among
the 10 billion numbers between 1 and 10,000,000,000, there are
910 — 1 numbers that do not congain the digit 1 and 100 — (910 — 1)
numbers that do. m
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Example 1-9 A binary sequence is a sequence of 0’s and 1’s. What is
the number of n-digit binary sequences that contain an even number
of 0’s (zero is considered as an even number)? The problem is
immediately solved if we observe that because of symmetry half
of the 2* n-digit binary sequences contain an even number of 0’s,
and the other half of the sequences contain an odd number of 0’s.
Another way to look at the problem is to consider the 2! (n — 1)-
digit binary sequences. If an (n — 1)-digit binary sequence con-
tains an even number of 0’s, we can append to it a 1 as the nth
digit to yield an n-digit binary sequence that contains an even
number of 0’s. If an (n — 1)-digit binary sequence contains an
odd number of 0’s, we can append to it a 0 as the nth digit to yield
an n-digit binary sequence that contains an even number of 0’s.
Therefore, there are 2! n-digit binary sequences which contain an
even number of 0’s. ‘

As an extension, let us consider the n-digit quaternary sequences
(sequences that have 0’s, 1’s, 2’s, and 3’s as the digits). Again,
because of symmetry, there are 47/2 sequences in each of which
the total number of 0’s and 1’s is even.

To find the number of quaternary sequences that contain an
even number of 0’s, we divide the 4" sequences into two groups: the
2" sequences that contain only 2’s and 3’s and the 4* — 2" sequences
that contain one or more 0’s or 1’s. The sequences in the first group
are, of course, sequences that have an even number of 0’s. The
sequences in the second group can be subdivided into categories
according to the patterns of 2’s and 3’s in the sequences. (For
instance, sequences of the pattern 23zx2z3xxzz will be in one cate-
gory where the 2’s are 0’s and 1’s.) Since half of the sequences in
each category have an even number of 0’s, the total number of
sequences that have an even number of 0’s in the second group
is (4» — 2)/2. Therefore, among the 4" n-digit quaternary
sequences, there are 2» + (4* — 27)/2 sequences that have an even
number of 0’s.

It will be left as an exercise for the reader to show that the
number of n-digit quaternary sequences that have an even number
of 0’s and an even number of 1’s is 4*/4 + 27/2. =

1-4 COMBINATIONS

According to the result in Example 1-2, the number of r-combinations of
n objects is

Clnr) = P(n,r) _ n!

rl rlin —7)!
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It is immediately obvious from this formula that
C(n,r) =C(n,n —r)

This indeed is what one would expect since selecting r objects out of n
objects is equivalent to picking the n — r objects that are not to be
selected.

Example 1-10 If no three diagonals of a convex decagon meet at the
same point inside the decagon, into how many line segments are
the diagonals divided by their intersections? First of all, the
number of diagonals is equal to

C(10,2) — 10 = 45 — 10 = 35

as there are C(10,2) straight lines joining the C(10,2) pairs of
vertices but 10 of these 45 lines are the sides of the decagon. Since
for every four vertices we can count exactly one intersection
between the diagonals as Fig. 1-1 shows (the decagon is convex),
there is a total of C(10,4) = 210 intersections between the diagonals.

Figure 1-1

Since a diagonal is divided into k& + 1 straight-line segments
when there are k intersecting points lying along it and since each
intersecting point lies along two diagonals, the total number of
straight-line segments into which the diagonals are divided is

35+ 2 X 210 =455 m

Example 1-11 Eleven scientists are working on a secret project. They
wish to lock up the documents in a cabinet such that the cabinet
can be opened if and only if six or more of the scientists are present.
What is the smallest number of locks needed? What is the smallest
number of keys to the locks each scientist must carry? To answer
the first question, observe that for any group of five scientists, there
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must be at least one lock they cannot open. Moreover, for any two
different groups of five scientists, there must be two different locks
they cannot open, because if both groups cannot open the same lock,
there is a group of six scientists among these two groups who will
not be able to open the cabinet. Thus, at least C(11,5) = 462 locks
are needed.

As to the number of keys each scientist must carry, let A be
one of the scientists. Whenever A is associated with a group of
five other scientists, A should have the key to the lock(s) that these
five scientists were not able to open. Thus, 4 carries at least
C(10,5) = 252 keys. (Although we have only shown that these
are lower bounds on the numbers of locks and keys, a scheme can
actually be designed using these many locks and with each scientist
carrying these many keys.) m

Example 1-12 In how many ways can three numbers be selected from
the numbers 1, 2, . . . , 300 such that their sum is divisible by 3?
The 300 numbers 1, 2, . . . , 300 can be divided into three groups:
those that are divisible by 3, those that yield the remainder 1 when
divided by 3, and those that yield the remainder 2 when divided
by 3. Clearly, there are 100 numbers in each of these groups.
If three numbers from the first group are selected, or if three num-
bers from the second group are selected, or if three numbers from
the third group are selected, or if three numbers, one from each
of the three groups, are selected, their sum will be divisible by 3.
Thus, the total number of ways to select three desired numbers is

C(100,3) + €(100,3) + C(100,3) + (100)® = 1,485,100 m

We shall now show that when repetitions in the selection of the
objects are allowed, the number of ways of selecting r objects from =
distinct objects is

Cn+r—1,r) (1-2)
Let the n objects be identified by the integers 1, 2, . . . , n, and let a
specific selection of r objects be identified by a list of the corresponding
integers {7,7,k, . . . ,m} arranged in increasing order. For example, the

selection in which the first object is selected thrice, the second object
is not selected, the third object is selected once, the fourth object is
selected once, the fifth object is selected twice, ete., is represented as
{1,1,1,3,4,5,5, . . .}. To the rintegers in such a list we add 0 to the first
integer, 1 to the second integer, . . . , and r — 1 to the rth integer.
Thus, {4,5,k, . . . ,m} becomes {z, s+ 1, k+2,...,m+ (r —1)}.
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For example, the selection {1,1,1,3,4,5,5, . . .} becomes {1,2,3,6,8,10,11,

.}. Since each selection will then be identified uniquely as a selec-
tion of r distinct integers from the integers 1,2, . . . ,n+ (r — 1), we
have proved the formula in (1-2).

Example 1-13 Out of a large number of pennies, nickels, dimes, and
quarters, in how many ways can six coins be selected? The answer
is

Cla+6—1,6) = C(9,6) = 84

because this is the same as selecting six coins from a penny, a
nickle, a dime, and a quarter with unlimited repetitions. m

Example 1-14 When three distinct dice are rolled, the number of out-
comesis 6 X 6 X 6 = 216. If the three dice are indistinguishable,
the number of outcomes is C(6 + 3 — 1, 3) = 56. This can be
seen by considering the selection of three numbers from the six
numbers 1, 2, 3, 4, 5, 6 when repetitions are allowed. m

When the objects are not all distinet, the number of ways to select
one or more objects from them is equal to

(@ +Dg+1) - (e+1) -1

where there are g; objects of the first kind, g. objects of the second kind,

. , and g; objects of the ¢{th kind. This result follows directly from
the rule of product. There are ¢ + 1 ways of choosing the object
of the first kind, i.e., choosing none of them, one of them, two of them,

., or gy of them. Similarly, there are ¢g: + 1 ways of choosing
objects of the second kind, . . . , and ¢, + 1 ways of choosing objects
of the ¢#th kind. The term —1 corresponds to the ‘“selection’’ in which
no object at all is chosen and should be discounted.

Example 1-15 How many divisors does the number 1400 have? Since
1400 = 23 X 5% X 7, the number of its divisors is

@+ 1@+ +1) =24

which is equal to the number of ways to select the prime factors of
1400. (Both 1 and 1400 are considered to be divisors of the number
1400.) =

Example 1-16 For n given weights, what is the greatest number of
different amounts that can be made up by the combinations of these
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weights? Since a weight can either be selected or not be selected
in a combination, there are 2» — 1 combinations. If the values
of the given weights are properly chosen, we will, at the most, have
27 — 1 different combined weights. (As a matter of fact, this
number of combinations can always be achieved by choosing the
values of the weights as 2° units, 2! units, 22 units, . . . , 2! units.)

As an extension of this example, what is the greatest number
of different amounts that can be weighed by using a set of n weights
and a balance? Each of the weights may be disposed of in one
of three ways; that is, it can be placed in the weight pan, in the
pan with the substance to be weighed, or it can be unused. There-
fore, there are 3* — 1 ways of using the n weights. However,
in at least half of these 3 — 1 ways, the total weight placed in the
weight pan is less than or equal to the total weight placed in the
other pan. Hence, we can weigh at most (3 — 1)/2 different
amounts on a balance when a set of n weights is available. [Indeed,
choosing the weights as 3° units, 3! units, 32 units, . . . , 3*! units
enables us to weigh from 1 through (3* — 1)/2 units.] =

1-5 DISTRIBUTIONS OF DISTINCT OBJECTS

In Secs. 1-3 and 1-4 we have discussed the arrangements of objects
(permutations) and the selections of objects (combinations). In this
and the following sections, we shall discuss the distribution of objects
into distinct or nondistinct positions. As will be seen, the problems of
distributions are very closely related to, and in many cases are equivalent
to, the problems of permutations and combinations.

In our previous discussion about the permutation of objects, we
introduced the notion of placing distinct objects into distinet cells.
Two cases must be considered. First, for n > r, there are P(n,r) ways
to place r distinct objects into n distinet cells, where each cell can hold
only one object. As was shown before, the first object can be placed
in one of the n cells, the second object can be placed in one of the n — 1
remaining cells, ete. On the other hand, for r > n, there are P(r,n)
ways to place n of r distinct objects into n distinet cells, where each
cell can hold only one object. The argument is similar to the one above;
that is, there are r ways to select an object to be placed in the first cell,
r — 1 ways to select an object to be placed in the second cell, ete.

The distribution of r distinet objects in n distinet cells where each
cell can hold any number of objects is equivalent to the arrangement of r
of the n cells when repetitions are allowed. In terms of the distribu-
tion of distinct objects in distinet cells, since the first object can be placed
in one of the n cells, the second object can again be placed in one of the



12 PERMUTATIONS AND COMBINATIONS

n cells, ete., there are n* ways of distributing the objects. The reader
should convince himself that n” is the number of ways no matter whether
n 18 larger or smaller than .

Notice that in the above case, when more than one object is placed in
the same cell, the objects are not ordered inside the cell. When the order
of objects in a cell is also considered, the number of ways of distribution is

(n(;:'i—l—)!l)! =n+r—1n+r—2):---(n+n

To prove this result, we imagine such a distribution as an ordered arrange-
ment of the r (distinct) objects and the n — 1 (nondistinct) intercell
partitions. Using the previously derived formula for the permutation
of r + n — 1 objects where n — 1 of them are of the same kind, we obtain
the result (n +r — 1)!/(n — 1)

There is an alternative way to derive this formula. There are
n ways to distribute the first object. After the first object is placed in a
cell, it can be considered as an added partition that divides the cell into
two cells. Therefore, there are n + 1 ways to distribute the second
object. Similarly, there are n + 2 ways to distribute the third object,

. ,and n 4+ r — 1 ways to distribute the rth object.

Example 1-17 The number of ways of arranging seven flags on five
masts when all the flags must be displayed but not all the masts
have to beusedis 5 X 6 X 7 X 8 X 9 X 10 X 11. The argument
is as follows. If there is a single flag on a mast, we assume that it is
raised to the top of the mast; however, if there is more than one
flag on a mast, the order of the flags on the mast is important.
Similarly, seven cars can go through five toll boothsin 5 X 6 X 7 X
8 X9 X10 X 11 ways. m

Observe that the distribution of n objects (g1 of them are of onekind,
g2 of them are of another kind, . . . , and ¢, of them are of the ¢th kind)
into n distinet cells (each of which can hold only one object) is equivalent
to the permutation of these objects. Thus, according to the formula in
(1-1) the number of ways of distribution is

n!
AR

It is instructive to derive this result from an alternative point of
view. Among the n distinct cells, we have C(n,q1) ways to pick ¢ cells
for the objects of the first kind, C(n — ¢qi, g2) ways to pick g. cells for the
objects of the second kind, ete. The number of ways of distribution is,



DISTRIBUTIONS OF NONDISTINCT OBJECTS 13

therefore,
C(n,g1)C(n — q1,¢2)C(n — q1 — g2, q3) * * -
Cn—qgr—¢q" """ —@u,@Pr—qg—q" " —gq
n—q@i— g Q)
_ n! (n — q1)! (n — q1 — g2)! C
l(n — g)! g2!(n — 1 — g2)! s!(m — g1 — g2 — ¢3)!
m—qp—q- =@,
W —t—a it q.)!
The factor P(n — g1 —q2 * * * — qyn — q1 — q2 * * - — ) is the num-

ber of ways of permuting those objects that are one of a kind.

It follows that the number of ways of distributing r objects (r < n),
with ¢, of them of one kind, ¢, of them of another kind, ete., into n dis-
tinct cells ist

C(n,q1))C(n — q1,¢2)C(n — q1 — @2, qs) * * -
Cn—qr—¢q """ — @1, P —qg1—¢q " — ¢

rT—q1—q " — q)
n! 1

- qilgs! - - - Qt! (n —r)!

1-6 DISTRIBUTIONS OF NONDISTINCT OBJECTS

In terms of the distribution of objects into cells, there are C(n,r) ways
of placing r nondistinct objects into n distinct cells with at most one
object in each cell (n > r); this follows because the distribution can be
visualized as the selection of r cells from the n cells for the r nondistinct
objects.

The number of ways to place r nondistinct objects into n distinct
cells where a cell can hold more than one object is C(n + r — 1, 7).
This result comes from the observation that distributing the r nondistinct
objects is equivalent to selecting r of the n cells for the r objects with
repeated selections of cells allowed. A different argument can be used
‘to derive the result. Imagine the distribution of the r objects into n cells
as an arrangement of the r objects and the n — 1 intercell partitions.
Since both the objects and the partitions are nondistinct, the number of
ways of arrangement is

n—1+4r1n)!
(n —1)r!

1 This result can be derived by using another argument. We can first select r cells
from the n cells and then distribute the » objects into these r cells; that is,

r! _ n! 1
qlg! - - - @ qlg! - @l (n—1)!

=Cn+r—1,r)

C(n)r) °
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If none of the n cells can be left empty (that means » must be larger
than or equal to n), the number of ways of distribution is

Cr—1,n-1)

Since we can first distribute one object in each of the n cells and then
distribute the remaining r — n objects arbitrarily, the number of ways
of distribution is

C(r—n)4+n—-L4Lr—n)=Clr—1,r—n)=C(r—1,n—1)

A direct extension of this result is the calculation of the number of
ways of distributing r nondistinct objects into n distinct cells with each
cell containing at least ¢ objects. After placing ¢ objects in each of the
n cells, we have

Cl(r—nq) +n—1,r—ng) =Cn—ng+r—1,n—1)

Example 1-18 Five distinct letters are to be transmitted through a
communications channel. A total of 15 blanks are to be inserted
between the letters with at least three blanks between every two
letters. In how many ways can the letters and blanks be arranged?
There are 5! ways of arranging the letters. For each arrangement
of the letters, we can consider the insertion of the blanks as placing
15 nondistinct objects into four distinct interletter positions with
at least three objects in each interletter position. Therefore, the
total number of ways of arranging the letters and blanks is

5! X C(4—-124+15—-1,4—-1) =5! X (C(6,3) =2,400 =

Example 1-19 In how many ways can 2n + 1 seats in a congress be
divided among three parties so that the coalition of any two parties
will ensure them of a majority? This, of course, is a problem of
distributing 2n» + 1 nondistinct objects into three distinct cells.
Without any restriction on the number of seats each party can have,
there are

CB+@n+1)—-1,2n+1)=C2n+3,2n+1) =C2n+3,2)

ways of distributing the seats. However, among these distribu-
tions, there are some in which a party gets n + 1 or more seats.
For a particular party to have n 4 1 or more seats, there are

CB+n—1,n)=Cn+2,n) =C(n+2,2

ways of distributing the seats. The ways of distribution are enu-
merated by giving the particular party n 4+ 1 seats first and then
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dividing the remaining n seats among the three parties arbitrarily.
Therefore, the total number of ways to divide the seats so that no
party alone will have a majority is

C2n +3,2) —3 X C(n+2,2) = 15(2n + 3)(2n + 2)
— %m0+ 2)(n + 1)

5m+1)

When there are 2n seats, the total number of ways of dividing
the seats becomes

C2n+2,2) —3XCn+22)+3=¥mn-—1mn-—-2)

The term C(2n + 2, 2) is the total number of ways of distributing
the 2n seats. Similarly, C(n + 2, 2) is the number of ways of
distributing the 2n seats such that a particular party gets n or
more seats. The term +3 is due to the fact that each of the three
distributions (n,n,0), (n,0,n), (0,n,n) is accounted for twice in the
term 3 X C(n +2,2). =m

In Secs. 1-5 and 1-6 we have discussed the distribution of (distinet
and nondistinct) objects into distinet cells. The distribution of objects
into nondistinct cells will be discussed in the next chapter after the
development of the concept of generating functions.

*1-7 STIRLING’S FORMULA

In enumerating the permutations and combinations of objects, one fre-
quently needs to calculate the value of n!. Even for a moderately large n
the evaluation of n! becomes tedious. In this section, we derive an
approximation formula for the value of n! which is called Stirling’s
formula. This formula is useful in the computation of the numerical
value of n! as well as in many theoretical considerations involving n!.
Stirling’s formula of approximation is

n! = v/2mn (g)”

Although the absolute error of such an approximation increases as =
increases, the percentage error decreases monotonically. In other words.
although

lim [n! — /2 (eﬁ)] —

n— ®
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we have

. n!
lim -1
n—sw A/ 2mn (n/e)"
For instance, Stirling’s formula approximates 1! by 0.9221 with an 8 per-
cent error, 2! by 1.919 with a 4 percent error, and 5! by 118.019 with a
2 percent error. The percentage error for the approximation of 100! is

only 0.08 percent. However, the absolute error is about 1.7 X 10155,
To prove Stirling’s formula, we let

a, = log(n!) —15logn =log2+1logd3+ - - +log(n—1)
+ 14 log n

Consider the curve ¥y = log . The area under the curve and between
the two linesz = 1 and 2z = n is

/lnlog:cdx

This area can be approximated by the sum of the areas of n trapezoids
which are bounded by the lines t =%k — 1 and 2 = k for k = 2, 3,

y
)
/\f"f
//
A - X
o /N 2 3 4 5 (n-1) n

Figure 1-2

. , n as shown in Fig. 1-2. The approximated area is

L4(log 1 + log 2) + Y5(log 2 + log 3) + - - -
+ llog (n — 1) + log n]

=log2+log3+ --- +log(n—1)+ 1 logn
= log (n!) — 15 log n
=an

which is smaller than the exact value of the area, because the curve
y = log z is convex. Therefore, we write

an < fln log z dz (1-3)
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On the other hand, the area under the curve y = log z and between the
two linesz = 34 and z = n is

/;logxdx

which can be approximated by the sum of the areas of the n — 1 trape-
zoids bounded by the tangent at the point (k, log k) and the lines
zr=k—Y and z=k+ 24 for k=2,3,..., n—1, together with
the area of the rectangle bounded by the horizontal line at the point

y
! /’—"_—
1 1 1 — 1L A 1 > X
0 /1 2 3 4 5 (n=1) n
Figure 1-3

(n, log n) and the two lines « = n — 14 and z = n as shown in Fig.
1-3. The approximated area is

log2+log3+ - - +log(n—1) 4+ Y logn = a,
Again, because the curve y = log z is convex, we have
/; log z dz < a. (1-4)
Combining the inequalities in (1-3) and (1-4), we write
/;;'logxdx < a, < flnlogxdx
That 1s,
nlogn —n —34log34 +34 <a,<nlogn —n-+1
after evaluating the integrals. Recalling that
log (n!) = a, + 5 logn

we have

(n + 18) logn —n 4 34(1 — log 34) < log (n!)
<(n+¥)logn—n+1
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Therefore, we can write
log (n!) = (n 4+ 14) logn — n + 6,
where

35(1 — log 34) = 0893 < 6, < 1
It follows that

o, =log(n!) — (n+ 1) logn +n
=an—/lnlogxdx+l

=1 —(flnlogxdx—a,.)

Notice that ( /1 " log z dx — a,,) increases monotonically when n increases

since ( /1 " log z dz — a,,) represents the difference between the area

under the curve y = log x and the sum of the areas of the trapezoids
in Fig. 1-2. Therefore, we conclude that 8, decreases monotonically
as n increases. However, since 8, has a lower bound (0.893), the limit
of §, as n approaches «, denoted by 4, is a constant having a value
between 0.893 and 1. Using 6 to approximate é, for all n’s, we have

log(n!) ~(n+ 1) logn —n + &
or
n! ~ e(n+%) log ng—ngd

n n
=e n (E)

The term e is a constant that lies within the range €89 = 2,45 and
e! = 2.72. As it turns out, the value of ¢’ is equal to v/2r = 2.507.

Except for the last step of determining the constant ¢? [which can be
looked up in a textbook on advanced calculus (for example, Buck [1])],
we have proved Stirling’s approximation formula for n factorial.

1-8 SUMMARY AND REFERENCES

A large class of problems in combinatorial mathematics is concerned with
computing the number of ways in which some well-defined operation can
be performed. In this chapter, the notions of combinations and permu-
tations which are the simplest and yet most fundamental concepts in the
study of the theory of enumeration were introduced. On the one hand,
we have seen the application of these basic notions to the solution of
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many problems. On the other hand, we shall study in the subsequent
chapters more powerful enumerative techniques which can be compared
with the elementary approach in this chapter.

The classical textbook by Whitworth [5] gives a thorough treatment
of many topics in combinations and permutations. The companion
exercise book, also by Whitworth [6], contains a large collection of
problems together with their solutions. Chapter 2 of Feller [2], Chap. 1
of Riordan [3], and Chap. 1 of Ryser [4] also cover the subject material
in this chapter.

1. Buck, R. C.: “Advanced Calculus,” 2d ed., McGraw-Hill Book Company, New
York, 1965.

2. Feller, W.: “An Introduction to Probability Theory and Its Applications,” vol. 1,
2d ed., John Wiley & Sons, Inc., New York, 1957.

3. Riordan, J.: “An Introduction to Combinatorial Analysis,” John Wiley & Sons,
Inc., New York, 1958.

4. Ryser, H. J.: “Combinatorial Mathematics,”” published by the Mathematical
Association of America, distributed by John Wiley & Sons, Inc.,, New York,
1963.

5. Whitworth, W. A.: “Choice and Chance,” reprint of the 5th ed. (1901), Hafner
Publishing Company, Inc., New York, 1965.

6. Whitworth, W. A.: “DCC Exercises in Choice and Chance,’’ reprint of the edition
of 1897, Hafner Publishing Company, Inc., New York, 1965.

PROBLEMS

1-1. (a) Use the relation C(n,r) =C(n — 1, r) + C(n — 1, r — 1) to prove the
identity
Cn+1,m)=Cnm)+Cn—-1,m—-1)+Cn—-—2,m—2) + - - .
+ C(n — m, 0)
from m < n.
(b) Prove this identity using combinatorial arguments.

1-2. (a) Prove the identity
I1X114+2X2143X3!+ - 4+nXnl=mn+1! -1

(b) Discuss the combinatorial significance of this identity.
(c) Show that any integer m can be expressed uniquely in the following form
(factorial representation):

m=a X1 4+a: X2 +a; X3!+ -+ +a: X+ - -

where 0 <a; <ifori=1,2, . ...
1-3. It is clear that

(\P(n,n) = P(n,n — 1)
but
P(nm) = P(n, n — 2)

Give a combinatorial explanation of these two relations.
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1-4. Use a combinatorial argument to prove the identity
C(n,0) +C(n,1) + C(n,2) + - - - + C(nyn) = 2»
1-5. (@) Show that
nXCn-1,7r)=((r+1) XCn,r+1)

What is the combinatorial significance of this identity ?
(b) Prove the identity

Cnl)+2XCn2) +3XCn3) + -+ +n X C(nm) =n X 2r1
1-6. For a given n, show that C (n,l{:) 1s maximum when
_n—1 n+1 . .
k= 5 ) if n is odd
n e s
k= 3 if n is even

1-7. (a) Use a combinatorial argument to prove that (2n)!/2* and (3n)!/(2» X 3%) are
integers.
(b) Prove that (n?)!/(n!)**1is an integer.

1-8. Three integers are selected from the integers 1, 2, . . ., 1,000. In how many
ways can these integers be selected such that their sum is divisible by 3?

19. (a) Among 2n objects, n of them are identical. Find the number of ways to
select n objects out of these 2n objects.

(b) Among 3n + 1 objects, n of them are identical. Find the number of ways
to select n objects out of these 3n + 1 objects.

1-10. From = distinct integers, two groups of integers are to be selected with %, integers
in the first group and k. integers in the second group, where k; and k. are fixed and
ky + ks <n. In how many ways can the selection be made such that the smallest
integer in the first group is larger than the largest integer in the second group?

1-11. Suppose that no three of the diagonals of a convex n-gon meet at the same point
inside of the n-gon. Find the number of different triangles the sides of which are
made up of the sides of the n-gon, the diagonals, and segments of the diagonals.

1-12. Consider the set of words of length n generated from the alphabet {0,1,2}.

(a) Show that the number of words in each of which the digit 0 appears an
even number of times is (3* + 1)/2.

(b) Prove the identity

() + @)+ () -

where ¢ = n when n is even, and ¢ = n — 1 when = is odd.

1-13. An alphabet of m letters can be transmitted through a communication channel.
Find the number of different messages of n letters, if

(a) The letters can be used repeatedly in a message.

(b) 1 of the m letters can be used only as the first and the last letters in a mes-
sage; the other letters can appear anywhere with unrestricted repetitions in a message.

(¢) 1 of the m letters can be used only as the first and the last letters in a mes-
sage; the other letters can appear anywhere, except the two ends, with unrestricted
repetitions in a message.
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1-14. Five teaching machines are to be used by a group of m students. If the same
number of students should be assigned to use the first and the second machines, in
how many ways can the assignment be made?

1-15. Among the set of 10" n-digit integers, two integers are considered to be equivalent
if one can be obtained by a permutation of the digits of the other.

(a) How many nonequivalent integers are there?

(b) If the digits 0 and 9 can appear at most once, how many nonequivalent
integers are there, for n > 2?

1-16. In how many W'ays can the letters q, q, q, a, a, b, ¢, d, e be permuted such that
no two a’s are adjacent?

1-17. (a) A Boolean function of n variables is defined by the assignment of a value of
either 0 or 1 to each of the 2" n-digit binary numbers. How many different Boolean
functions of n variables are there?

(b) A Boolean function can be represented conveniently in tabular form where
all the n-digit binary numbers and their values are listed. Such a tabular form is
called the truth table of a Boolean function. For example, the following table is the
truth table of a Boolean function of three variables:

Three-digit binary number Value

0 0O 0
0 01 1
010 1
011 0
1 00 1
1 01 0
1 10 1
1 11 1

A self-dual Boolean function is one the truth table of which will remain unchanged
after all the 0’s and 1’s in the table are interchanged. How many self-dual Boolean
functions of n variables are there?

(¢) A symmetric Boolean function is one the truth table of which will remain
unchanged for any permutation of the n columns of the binary digits. How many
symmetric Boolean functions of n variables are there?

1-18. (Statistical Mechanics: Bose-Einstein Counting) A system consists of four
identical particles. The total energy of the system is equal to 4E, where E, is a
positive constant. Each of the particles can have an energy level equal to kE,
(k=0,1, 2, 3, 4). A particle of energy kE, can occupy one of the k2 4+ 1 distinct
energy states at that energy level. How many different configurations, in terms of
energy states occupied by the particles, can the system have?

1-19. (Statistical Mechanics: Fermi-Dirac Counting) Consider a system that is the
same as the one described in Prob. 1-18 except for the following:

1. At the energy level kE, there are 2(k? + 1) distinct energy states.
2. No two particles can be in the same energy state.

How many different configurations can the system have?

1-20. (Statistical Mechanics) A system consists of three identical particles, two of
them in one potential well, the other in a separate potential well. The total energy
of the system is equal to 3E,. Each of the particles can have an energy level equal
to kEy (k =0, 1, 2, 3). A particle of energy kE, can occupy one of the 2(k% + 1)
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distinct energy states at that energy level. How many different configurations, in
terms of the eecupation of energy states in the two potential wells, can the system
have?
1-21. A system has N molecules. Each molecule has an A-atom at a fixed location
and two identical B-atoms which can occupy any two of four possible positions in the
molecule.

(a) How many different configurations can the system have?

(b) If some molecules can have one or two extra B-atoms by taking them from
other molecules, how many different configurations can the system have? -

(¢) Repeat part (b) if, instead of two identical B-atoms, each molecule contains
a B-atom and a C-atom.
1-22, A system consists of N distinct particles each of which can have an energy level
equal to kE, for k =0, 1, 2, . . . . If the total energy of the system is equal to

ME,, where M is a positive integer, in how many ways can the total energy be dis-
tributed among the particles?

1-23. (Information Theory: Sphere Packing) A set of code words that are of the same
length is called a block code. In binary block codes, the distance between two code
words is defined as the number of digits where the two code words differ. For
example, the distance between 0110 and 1011 is 3 and the distance between 0110 and
0111 is 1. When the minimum distance between any two code words in a set of
n-digit code words is 2r 4+ 1, the set forms an r-error-correcting code of length n. Let
A(n,r) denote the maximum number of code words in an r-error-correcting code of
length n.

(a) Show that
on

A(nr) £ ——— (Hamming bound)
Y Cmn.j)
7=0
(b) Show that
Amr) > 2 (Gilbert bound)
Y Cn,j)
1=0

Hint: Consider the following geometric interpretation. In an n-dimensional
space in which the cartesian coordinates can assume only the two values 0 and 1,
an n-digit binary word can be represented as a point. If a code is an r-error-correcting
one, there is at most one code word inside any ‘‘sphere’’ of diameter 2r.

1-24. (Information Theory: Group Codes) A binary group code is a set of binary code
words with the property that the modulo 2 sum of any two code words in the set is
also a code word in the set. Let A(r) be the total number of code words in an r-error-
correcting binary group code of length n. Show that

2(2r + 1)
A(r) S41'+2—n

Hint: Show that the following are true:

1. Any column in the list of code words contains either half ones and half zeros or all
Zeros.

2. The list of code words contains at least [A(r) — 1](2r + 1) ones.
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iv-ﬂ- How many permutations of the integers 1, 2, . , n are there such that every
Mer is followed by (but not necessarily 1mmed1ately followed by) an integer which
fers from it by 1? For example, with n = 4, 1432 is an acceptable permutation

but 2431 is not.

1-36. Let ay, as, . . . , @z, denote an ordered sequence of n 1’'s and n (—1)’s. Let f(k)
be the sum of its first k digits. That is,
k
f) = Y, a
1=1

de the number of such sequences that have the property
f(k) >0 fork=1,2 ...,2n
Hint: Define a new function g(k) such that

_ [ f(k) 1<k<m
g(k) = { —(fk) +2) m<k<2n

where m is the smallest integer for which f(m) = —1, if there is such an integer.
Otherwise m = 2n.



Chapter 2
Generating Functions

2-1 INTRODUCTION

From three distinct objects a, b, and ¢, there are three ways to choose one
object, namely, to choose either a or b or ¢. Let us represent these
possible choices symbolically as @ + b + ¢. Similarly, from these three
objects, there are three ways to choose two objects, namely, to choose
either a and b, or b and ¢, or ¢ and a, which can be represented symbol-
ically as ab + bc + ca. There is only one way to choose three objects,
which can be represented symbolically as abc. Examining the polynomial

1+ar)1+b2)1+cx) =1+ (a4+b+ o)z
+ (ab + bc + ca)x? + (abc)x®

we discover that all these possible ways of selection are exhibited as the
coefficients of the powers of z. In particular, the coefficient of z* is the
representation of the ways of selecting ¢ objects from the three objects.
This, of course, is not sheer coincidence. We have an interpretation
of the polynomial according to the rule of sum and the rule of prod-
uct. Symbolically, the factor 1 + ax means that for the object a,
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the two ways of selection are ‘‘not to select.a” or ‘“‘to select a.”” The
variable z is a formal variable and is used simply as an indicator. The
coefficient of 2° shows the ways no object is selected, and the coefficient
of 2! shows the ways one object is selected. Similar interpretation
can be given to the factors 1 4+ bx and 1 4+ cx. Thus, the product
(1 + ax)(1 + bx)(1 + cx) indicates that for the objects a, b, and ¢, the
ways of selection are ‘‘to select or not to select a”’ and ‘“to select or not to
select b’ and ‘“to select or not to select ¢.”” It is clear that the powers
of z in the polynomial indicate the number of objects that are selected,
and the corresponding coefficients show all the possible ways of selection.

This example motivates the formal definition of the generating func-
tion of a sequence. Let (a¢,a1,82, . . . ,a,, . . .) be the symbolic repre-
sentation of a sequence of events, or let it simply be a sequence of num-
bers. The function

F(x) = aouo(x) -+ alul(x) + azm(x) + - - 4+ ar#r(x) + - -

is called the ordinary generating function of the sequence (ao,a1,az, . . .,
ar, . . .), where uo(x), wmi(x), wme(z), . . ., wm(x), . . .18 a sequence of
functions of = that are used as indicators. (Another kind of generating
function called the exponential generating function will be discussed later
in this chapter.) The indicator functions, the u(x)’s, are usually chosen
in such a way that no two distinct sequences will yield the same generating
function. Clearly, the generating function of a sequence is just an
alternative representation of the sequence. For example, using 1, cos z,
cos2zx, ..., cosrz, . .. as the indicator functions, we see that the
ordinary generating function of the sequence (l,w,w? . .. ,0", . . .) i8

F(z) =14+ wcosz + w?cos2x + - - - +wcosre + - - -

On the other hand, using 1, 1 4+ 2, 1 — 2, 1 4+ 22 1 — 22, . . .,
1+ 27,1 —2z, ... as the indicator functions, the ordinary generating
function of the sequence (3,2,6,0,0) is

3+21+2)+6(1 —2) =11 — 4z

However, the sequences (1,3,7,0,0) and (1,2,6,1,1) will also yield the
same ordinary generating function; that is,

1430 4+2)+71 —z) =11 — 4z
and

14+20+2)+6(0—2) +0Q+20) + (1 —2?) =11 — 4z

Hence, we see that the functions 1, 1 + 2z, 1 — 2, 1 + 22 1 — 2% . ..
should not be used as indicator functions. The most usual and useful
form of u,(x) is z". In that case, for the sequence (aoayas . . .,
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a, .. .), we have
F(x)=a0+a1$+azx2+ - 4 axr+ - -

We shall limit our discussion to indicator functions of this form. From
now on, when we talk about the generating functions of a sequence, we
shall mean the generating function of the sequence with the powers of z as
indicator functions. Notice that the sequence (a¢,an,az . . . ,a, . . .)
can be an infinite sequence, and F(z) will then be an infinite series. How-
ever, because z is just a formal variable, there is no need to question
whether the series converges.{

As will be seen, in addition to being an alternative representation,
the generating function is also a useful representation that leads to some
very powerful techniques in enumerations and other types of combina-
torial problems.

2-2 GENERATING FUNCTIONS FOR COMBINATIONS

We have seen that the polynomial (1 + az)(1 + bx)(1 + cx) is the ordi-
nary generating function of the different ways to select the objects
a, b, and ¢. Instead of the different ways of selection, we may only be
interested in the number of ways of selection. By settinga =b =¢ = 1,
we have

14+2)Q4+2)1+2) =1 +2) =1+ 3z + 32 4 23

Clearly, we see that there is one way to select no objects from the three
objects, C(3,0), three ways to select one object out of three, C(3,1), etc.
Usually, a generating function that gives the number of combinations
or permutations is called an enumerator. In particular, an ordinary gen-
erating function that gives the number of combinations or permutations
is called an ordinary enumerator.

This notion can be extended immediately. To find the number of
combinations of n distinct objects, we have the ordinary enumerator

(1+x)"=1+nx+71(£2_!——12x2+

nn—1) - - (n—r+1
gD Dt 4
= C(n,0) + C(n,)x + C(n,2)z%2 + - - -
+ C(n,r)z" + - - - 4+ C(n,n)z"
t An alternative point of view can also be taken. Except for the case ap = =, F(z)
converges at £ = 0. Therefore, with the understanding that the value of z is set to

be 0, we can carry the expression for F (z) along in our computation without concerning
ourselves further with the convergence problem.

xn
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In the expansion of (1 + z)*, the coefficient of the term 27 is the number
of ways the term 2z can be formed by taking r z’s and n — r 1’s among
the n factors 1 4+ z. It is for this reason that the C(n,r)’s are called the

. . . . . . n .
binomial coefficients. In a binomial expansion, (r is a common alterna-

tive notation for C(n,r).

Example 2-1 From

Q@) e (o)

we have the identity
n n .

6)+()+G)+

by setting x equal to 1. The combinatorial significance of this

identity is that both sides give the number of ways of selecting

none, or one, or two, . . . , or n objects out of n distinct objects.
We also have the identity

-0+ (e )=

by setting z equal to —1. Writing this as

O+ -0+

we see that the number of ways of selecting an even number of
objects is equal to the number of ways of selecting an odd number
of objects from n distinct objects. m

Example 2-2 The identity
n\? n\’ n\’ n\’ n\° 2n
@) +C)+ @)+ )+ + ) - ()
can be proved in two ways.

Method 1 'We observe that the expression on the left-hand side is
the constant term in (1 + z)*(1 4+ z~Y)». Since

I+2)*Qd 4z = A+ 2" + )z =271 + z)*
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. . (2
and the constant term in z—*(1 4 z)?" is (:), we have proved the
1dentity.

Method 2 We rewrite the identity to be proved as

OO +@ ) +E) )+
HOIGMERRRGIGEE

and use a combinatorial argument. To select » objects out of 2n
objects, we shall first divide them (in any arbitrary manner) into two

piles with n objects in each pile. There are (7:) ways to select ¢

objects from the first pile and (n ?i z) ways to select n — 7 objects

from the second pile to make up a selection of n objects. Therefore,

the number of ways to make the selection is z (7:') < 71 1,) which
i=0

is also equal to (2712)

To see an application of this result, let us consider the problem
of finding the number of 2n-digit binary sequences which are such
that the number of 0’s in the first n digits of a sequence is equal to
the number of 0’s in the last n digits of the sequence. Since the

number of n-digit binary sequences containing r 0’s is (Z), the

number of 2n-digit binary sequences containing r 0’s in the first
2

n digits as well as in the last n digits is (:f) . Therefore, the num-

ber of 2n-digit binary sequences which are such that the number of
0’s in the first n digits of a sequence is equal to the number of 0’s
in the last n digits of the sequence is

2\t |, [(n\? |, [(»\ n\? n\>  (2n
@+ @)@+ )+ +0) - ()
It is instructive for the reader to rephrase the combinatorial

argument used in the second method of proof above for this par-
ticular problem. m
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Example 2-3 Prove the identity

(e erQ)e o Q) ()=

Differentiating both sides of the identity

Q@ 2@

we have

() +2ers(es oo Q)
+n<2) 1l =n(l + z)»!

The given identity is obtained by setting z equalto 1. m

Example 2-4 What is the coefficient of the term z23 in (1 + 2% + z9)100?
Since z®z2°2° = z?? is the only way the term z22 can be made up in the
expansion of (1 + % + z°)19° and there are C(100,2) ways to choose
the two factors z° and then C'(98,1) ways to choose the factor z%, the
coefficient of z23 is

100 X 99

C(100,2) X C(98,1) = ——

X 98 = 485,100 m

Example 2-5 Show that the ordinary generating function of the sequence

(g): (?): (g), (g), SEIENS (ZT), ... is (1 — 42)7%.  According

r
to the binomial theorem,t we have

r!

(1 — 4z)% = 1+ E (W20 - (=M=t D) g
r=1

— 14+ z 4 (1/2)3/2)(5/2) - - - [(2r —1)/2] ,

r!
r=1

1 As a reminder, the binomial theorem is

(1+z)u=l+zn(n—l)(n—2)---(n—-r+1)xr
r=1

r!

where the upper limit of the summation is n if n is a positive integer, and is
« otherwise.
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B ¢ 2[LX3X5X - X (2r—1)]
—1+r21 1‘! ‘
_ C @ XIIXIXEX - X(©@r—1)]
‘1+21 rir! T
_ v ZX4AX6X - X2)[AX3X5X -+ X (2r—1)]
=1+ rir! T
r=1
_ ¢ @n!
=1+ rirl &
r=1

Il
-
+

!
N
+ Y
N’
§

As an application of this result we evaluate the sum

5062

for a given ¢ Since (2:) is the coefficient of the term z¢ in

(1 — 42)~% and (2; B ZZz) is the coefficient of the term z*—* in
t : :
(1 — 4z)~%, z (2:) (2; : zZz) is the coefficient of the term z* in
V=0

(1 — 4z)~*%(1 — 42)~"%. Since
(1 — 42) (1 — 42)~ = (1 — 42)!
=144+ o)+ )3+ - - + (42 + - -

we have

L)+

When repetitions are allowed in the selections (or equivalently, when
there is more than one object of the same kind), the extension is immedi-
ate. For example, the polynomial

Q4+ar+a2)1 +b02)(1 +cx) =1+ (a+b+ o)z
+ (ab + bc + ac + a?)z? + (abc + a? + a’c)z® + (a%c)xt

is the ordinary generating function for the combinations of the objects
a, b, and ¢, where a can be selected twice. The reader should notice the
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difference between the combinatorial significance of this polynomial and
that of the polynomial (1 + az)(1 + a%?) (1 + bz)(1 + cx), which can
be written as (1 + az + a%? + a%®) (1 + bx)(1 + cx).

As another example, let us consider the generating function

QA+ a)d+a2)1+br)Q+cx) =1+ (@a+b+c+a)z
+ (ab + bc + ac + a® + a? + a’c)x?
+ (abc + a®b + a®c + adc)x® + (a%hc)zt
We can imagine that there are four boxes, one containing a, one containing
two a’s, one containing b, and one containing ¢. The generating function
gives the outcomes of the selection of the boxes.

Similarly, the ordinary enumerator for the combinations of the
objects a, b, and ¢, where a can be selected twice, is

A+z+20QA +2)2 =1+ 3z + 422 + 3% + z*

The significance of the factor 1 + = + z? is that for the object a, there is
one way not to select it, one way to select it once, and also one way to
select it twice. In the following, we have more illustrative examples.

Example 2-6 Given two each of p kinds of objects and one each of ¢
additional kinds of objects, in how many ways can r objects be
selected? The ordinary enumerator for the combinations is

(1 4z + z%)7(1 + 2)¢

The coefficient of 2 in the enumerator is

[r/2] .

2,5 25)

& \1 r— 2

where [r/2] denotes the integral part of r/2 (that is, [r/2] = r/2 if
r is even, and [r/2] = (r — 1)/2 if r is odd), because among the
p factors of the form 1 4+ = 4 z? we can select 7 z%’s, and among the

p — ¢ remaining factors of the form 1 + z + z? and the ¢ factors
of the form 1 4 = we can select r — 2{ z’s. m

Example 2-7 The ordinary enumerator for the selection of  objects out
of n objects with unlimited repetitions is

Q+z+22+ - F2k4 - )

- (=)

=1—-2)
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B G S R C S 52 s
r=1

r!

y M@ +1) k1)

=1+Z r!

r=1

©

) (n+:—1)x,

r=0

The fact that there are (n + : - 1) ways to select r objects from

n objects with unlimited repetitions is a result we have proved in
Chap. 1. m

Example 2-8 The ordinary enumerator for the selection of r objects out

of n objects (r > n), with unlimited repetitions but with each object
included in each selection, is

(x+x2++xk+)n=xn( 1 )”

1 —12
=z"(1 —2)™
N (nti-1)
—xizo( g )

| Il
INAs 18
A A
T = 0=
| | I
- S =
v v

K 8

Y 3
n —~

Y
-+
ﬂ
Il
S
+
\(?/_

Example 2-9 Show that the number of ways in which r nondistinct
objects can be distributed into n distinct cells, with the condition
that no cell contains less than ¢ nor more than ¢ 4+ z — 1 objects, is
the coefficient of 2z~ in the expansion of [(1 — z?)/(1 — x)]~

Since the ordinary enumerator for the ways a particular cell can be
filled is

xq+x4+1+ e o e +xq+z—l



ENUMERATORS FOR PERMUTATIONS 33

the ordinary enumerator for the distributions is
(xq + xq+l + ¢ o + xq+z—l)n
=an(1+x+ o e e +xz—l)n

(1 — r7\"
= g1 <1—x>

As an application of this result, we shall find the number of
ways in which four persons, each rolling a single die once, can have
a total score of 17. That is, forr = 17, n = 4, ¢ = 1, and 2z = 6,
the ordinary enumerator is z4[(1 — z%)/(1 — z)]4 Since

(1 —28* =1 — 428 4 622 — 4218 4 2™

4 4 X5 4 X5 X6
(1—x)‘4=1+1—!x+——;<!—x2+—>—<3!—x—x3+ . e
the coefficient of z13in (1 — z6)4(1 — z)~*is
4 X5X6X -+ X16 4 X5X6X - X10 4
131 —4 71 t6-g
14 X 15 X 16 8 X9 X10 4
= 31 —d 3 tbq
= 104

It is suggested that the reader review Example 1-19 and solve
it by finding the enumerator. m

2-3 ENUMERATORS FOR PERMUTATIONS

It is natural now for us to turn to the generating functions for permuta-
tions. However, there is an obvious difficulty when we try to extend
our previous results. Since multiplication in the ordinary algebra in the
field of real numbers (with which we are so familiar) is commutative
(that is, ab = ba), we cannot quite handle the case of permutations
using ordinary algebra. The situation can be illustrated by an example
of the permutations of the two objects a and b. What we want to
have as a generating function for the permutations is

1+ (a + b)xz + (ab + ba)x?
However, this polynomial is equivalent to
1+ (a + b)x + (2ab)x?

in which the two distinct permutations ab and ba can no longer be recog-
nized. Instead of introducing a new algebra that is noncommutative
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for the case of permutations, we shall limit ourselves to the discussion
of the enumerators for permutations which can still be handled by the
ordinary algebra in the field of real numbers.

A direct extension of the notion of the enumerators for combinations
indicates that an enumerator for the permutations of » distinct objects
would have the form

F(z) = P(n,0)z°* + P(n,1)z + P(n,2)z* + P(n,3)z® +

+ P(n,r)z" + - - - + P(n,n)z"
n! n! n!
=t gomt T e o )x+
n! -
+ — R r)' 4+ - Fnlx

Unfortunately, there is no simple closed-form expression for F(z), and to
carry along the polynomial in our manipulations certainly defeats the
purpose of using the generating function representation. However, when
we recall the binomial expansion

1+2z)*=1+4 Cnz + C(n,2)z? + C(n,3)® +

L Cra + - - + Clnmar
)
+P(:’;)r)x,.+ .. +P(:',n,x

we see the key to defining another kind of generating function, the
exponential generating function. Let (aoa1,az, . . . ,ar, . . .) be the
symbolic representations of a sequence of events or simply be a sequence
of numbers. The function

F(z) = 5j wo(@) + 7j m(@) + 57 me(@) + + -+ + ) + - - -

is called the exponential generating function of the sequence (ao,ai,a2,

. yQry . . .) With uo(z), ui1(z), ue(z), . . . , u(x), . . . as the indicator
functions. Thus, (1 + z)* is the exponential generating function of the
P(n,r)’s with the powers of = as the indicator functions. Similarly, an
exponential generating function that gives the number of combinations
or permutations is called an exponential enumerator.

Example 2-10 According to the result in Example 2-5, (1 — 4x)—* is
the exponential generating function of the sequence (£(0,0),P(2,1),
P4,2), ... ,P@2rr), .. .).
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The exponential generating function of the sequence (1,

1 X3, 1X3X5 ...,I1X3X5X " " X@2r+1),...)is
(1 — 2z)7%,
The exponential generating function of the sequence (1,1,1,
.1, .. .)ise’. m

Clearly, the exponential enumerator for the permutations of a single
object with no repetitions is 1 + 2. We also see in the above that the
exponential enumerator for the permutations of n distinct objects with no
repetitions is (1 4 z)*. (The definition of the exponential enumerator is
actually chosen in such a way that the result will come out correctly.)

When repetitions are allowed in the permutations, the extension is
immediate. The exponential enumerator for the permutations of all p
of p identical objects is z?/p! since there is only one way of doing so.
Thus, the exponential enumerator for the permutations of none, one,

two, . . . , p of p identical objects is
1 1 1
1+_1_'x+_2_'x2++;ixp

Similarly, the exponential enumerator for the permutation of all p + q of
p + q objects, with p of them of one kind and ¢ of them of another kind, is

TP e rP+e
plgl Pl

which agrees with the known result that the number of permutations is
(p + @)!/plq!. It follows that the exponential enumerator for the permu-
tations of none, one, two, . . . , p + g of p + ¢ objects, with p of them
of one kind and ¢ of them of another kind, is

(1+—11—!a:+§13x2+ s +%x”>(l +ll!x—|—§1—!x2

+...+_}_'x¢1>
q

For instance, the exponential enumerator for the permutations of two
objects of one kind and three objects of another kind is

r , xz° r 2 2
<1+1_!+§—!)<1+1_!+2_!+_?ﬁ>

1 1 1 1 1 1 1 1
=1+(ﬁ+ﬁ)x+(1—!ﬂ+ﬂ+'2_!)x2+(T2!+1_!2_!+3_!
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The reader can again check the results by referring to Example 1-6 in
Chap. 1.

Example 2-11 The number of r-permutations of n distinct objects with
unlimited repetitions is given by the exponential enumerator

(1+x+ +5+ )= =Z

Example 2-12 Find the number of r-digit quaternary sequences in which
each of the digits 1, 2, and 3 appears at least once. This problem
is the same as that of permuting four distinct objects with the
restriction that three of the four objects must be included in the
permutations. The exponential enumerator for the permutations
of the digit 0 is

_|3

(1+x+2,+ + - )=ez

The exponential enumerator for the permutations of the digit 1
(or 2, or 3) is

(x+2,+ + - .>=e,_1

It follows that the exponential enumerator for the permutations
of the four digits is
e*(er — 1)(e* — 1)(e* — 1) = e*(e%* — 3e?* + 3¢ — 1)

= 642 —_ 3632 + 382:: — e*

B i (4 —3X¥+3X2 -1 ,
- i

Therefore, the number of r-digit quaternary sequences in which each
of the digits 1, 2, and 3 appears at least once is

4 —3 X3 +3X2r—1 =m

Example 2-13 Find the number of r-digit quaternary sequences that
contain an even number of 0’s. The exponential enumerator
for the permutations of the digit 0 is

(+ -|- -l— + )=%(e"+e‘")
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The exponential enumerator for the permutations of each of the
digits 1, 2, and 3 is

(+ + oS+ ')=e"

It follows that the exponential enumerator for the number of qua-
ternary sequences containing an even number of 0’s is

%(ez + e—z)ezezez —_ /(643: + e2x)
14 Z 2(4’+2' ,

r!

Therefore, the number of r-digit quaternary sequences that contain
an even number of 0’s is (47 + 27) /2.

Similarly, to find the number of r-digit quaternary sequences
that contain an even number of 0’s and an even number of 1’s, we
have the exponential enumerator

%(ez _|_ e—z)%(ez _|_ e—z)exez — }1(621 + 2 _|_ e—2z)e2x
= b4(e* + 2¢% + 1)
il@+ﬂx%)r
4

r!

The reader is encouraged to review the method of solution
presented in Example 1-9 in Chap. 1. =

Example 2-14 Find the exponential enumerator for the number of ways
to choose r or less objects from r distinct objects and distribute them
into n distinct cells, with objects in the same cell ordered. Notice
that there are C(r,m) ways to select m objects out of r objects and

n(n+1) - - - (n +m — 1) ways to arrange them in the n distinct
cells. Since the value of m ranges from 0 to r, the total number of
ways is

C(r0) + C(r,1) Xn+ C(r,2) X n(n + 1)

+C(r3) Xn(n+ )(n+2)+ - - -
+ C(ryr) Xnn+1) - - - (n+r—1)
1

DMt

r![;%xl-l- X n(n + 1)

1
(r — 2)12!

I a4+ D42+ -

Rl Y
+r—1!><n(n+1)---(n+r—1)]
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The expression in the square brackets is the coefficient of the term
z" in the product of the two series

e”‘—1+ + -l- +;—!+“‘

and

(l_x)—n_l_I__ _|_7_7’(_n_.+_1) 24 ...
+n(n+1)"'(n+r—1)x,+,,,

r!

Therefore, ¢*/(1 — z)* is the exponential enumerator for the distri-
butions of r or less objects into n distinct cells, with objects in the
same cell ordered. =

2-4 DISTRIBUTIONS OF DISTINCT
OBJECTS INTO NONDISTINCT CELLS

As examples on the use of exponential generating functions, we shall
derive some results on the distribution of distinct objects into nondistinct
cells. First we shall derive the number of ways of distributing r distinct
objects into n distinct cells so that no cell is empty and the order of
objects within a cell is not important. This problem can be viewed as
finding the number of the r-permutations of the n distinct cells with each
cell included at least once in a permutation. The exponential enumerator
for the permutations is

(+ +I+ )”=(ex—1)"

Thus, the number of ways of placing r distinct objects into n distinct cells
with no cell left empty is equal to

i (— 1)'( ) (n — )" = n!S(rn)
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where S(r,n) is defined as (1/n!) 2 (—1)¢ (7:) (n — 7)" and is called the
i=0
Stirling number of the second kind. Table 2-1 shows some of the Stirling

Table 2-1 Stirling numbers of the second kind, S(r,n)

n
r
1 2 3 4 5 6 7 8 9 10

1 1

2 1 1

3 1 3 1

4 1 7 6 1

5 1 15 25 10 1

6 1 31 90 65 15 1

7 1 63 301 350 140 21 1

8 1 127 966 1701 1050 266 28 1

9 1 255 3025 7770 6951 2646 462 36 1

10 1 511 9330 34105 42525 22827 5880 750 45 1

numbers of the second kind. [It is suggested that the reader convince
himself that the result P(r,n) X n™—", which is obtained by distributing
one object in each of the n cells and then distributing the remaining
r — n objects in an arbitrary manner, is incorrect.]

It follows that the number of ways of placing r distinct objects into
n nondistinet cells with no cell left empty is equal to

S(ryn)

Previously we proved that there are n™ ways of placing r distinct
objects into n distinct cells, when empty cells are allowed. However,
the reader should convince himself that when the cells become nondis-
tinct, the number of ways is not equal to n"/n!. As a matter of fact, the
number of ways of distributing r distinct objects into n nondistinct
cells with empty cells allowed is

Sr1) + 8(r,2) + - - - + 8(r,n) forr > n
and is
Srl) +8¢r2) + - - - + 8¢y forr<n (2-1)

These come directly from the argument that the number of ways of dis-
tributing r distinct objects into » nondistinet cells with empty cells
allowed is equal to the number of ways of distributing these r objects
so that one cell is not empty, or two cells are not empty, etc.
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For the case of r < n (i.e., there are at least as many cells as objects),
there is a closed-form expression for the ordinary generating function of
the numbers of ways of distributing the objects. Since S(z,7) = 0 for
7 < j, the count in the expression in (2-1) does not change if we add to it
an infinite number of terms as follows:

Sr1) +8r2) + - - - +8Str) + 80, r+1)

+ 80, e+ + - (22)
Observe that
exl' - SO0 + S(l D, 4 S(;l) -
e
@D s + 202 52D
S(r,2) ,
+ r! T
(i;!_l)_ = S(0,k) + 222 S(l k) T + S(gik) z? 4 -
-+ S(r;k) i
r!
(ezr—! ) _ S(0,r) + S(l,r) z 4 S(22'r) 2y
S(rr)
+ | +
(¢ — 1)+t S(1,r+ 1) S2,r+ 1)
CEH] —S(O,r—l—l)—|———-———1! z + 51 z? +

Therefore, the coefficient of z7/r!, which is the number of ways of dis-
tributing r distinct objects into r or more nondistinet cells, in

(e* G2
1! + 2! Tt

(—1)

r!

(ex _ 1)r+1
CE]

is equal to the expression in (2-2). However, the generating function in
(2-3) can be written as

e 1 — 1

+ +

+ o (29)
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2-5 PARTITIONS OF INTEGERS

As another illustration of the use of generating functions, we shall dis-
cuss the distribution of nondistinct objects into nondistinct cells.

A partition of an integer is a division of the integer into positive
integral parts, in which the order of these parts is not important. For
example, 4,3+ 1,2+ 2,2+ 1+ 1,and 1 +1+ 14 1 are the five
different partitions of the integer 4. It is clear that a partition of the
integer n is equivalent to a way of distributing n nondistinct objects
into n nondistinet cells with empty cells allowed. We shall conduct our
discussion in the context of the partitions of integers mainly because it is
also an important topic in number theory.

Observe that in the polynomial

1424224234244 - - +2m

the coeflicient of z* is the number of ways of having £ 1’s in a partition
of the integer n. Clearly, there is one way for 0 < k < n and no way for
k > n because in a partition of n there can be from no 1’s to at most n
1’s. It follows that in the infinite sum

_ 1
1—1z

1+x+x2+x3+x4+ e e _|_xr_l_ e e

the coefficient of z* is the number of ways of having k 1’s in a partition
of any integer larger than or equal to k. Similarly, in the polynomial

1422424428+ 284 - - - 4 v

the coeflicient of % is the number of ways of having k 2’s in a partition
of the integer n. Also, in the infinite sum

_ 1
1 — g2

1+z2 4+t 428 +28+ - - - x4 - - -

the coefficient of % is the number of ways of having k 2’s in a partition
of any integer larger than or equal to 2k. Notice that a 2 in a partition
will be accounted for by the term 22, two 2’s in a partition will be accounted
for by the term z*, etc. It follows then that

Fao)=Q+z+22+234 - Fzr+ --7)
Q4+z24azt+at4 - F2+ - -
A +z34+28 4204 - F2%4+ - - )
A4zt +28+z224 - - fzvv 4 - - )
R € R R o L N L L B L D)

1
T2 2T —)A -2 - - - (1L —a")
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is the ordinary generating function of the sequence (p(0),p(1), . . . ,p(n)),
where p(7) denotes the number of partitions of the integer 2. However,
notice that F(z) does not enumerate the p(j)’s for j > n; rather, it
enumerates the number of partitions of the integer j that have no part
exceeding n. For example, from

1
1—-—2z)1 —2z)(1 — 23)
=1+z+ 222+ 323 + 4x* + 525 + T2b + - - -

we observe that there are three ways to partition the integer 3 and there
are seven ways to partition the integer 6 such that the parts do not
exceed 3. The ordinary generating function of the infinite sequence

(»(0),p(1),p(2), . . .,p(n), . . .)is

1
Ql—-—2z2)1—2)1 —28) - - -

It is immediately clear that in

1
QA —2)0 — 2510 — z5) - - - (1 — 2D

the coefficient of z* for £ < 2n + 1 is the number of partitions of the
integer k into odd parts, and the coefficient of z* for £ > 2n + 1 is the
number of partitions of the integer k into odd parts not exceeding 2n + 1.
Similarly, in

F(zx) =

1
1—-—z)1 —2)A — 25 - - -

the coefficient of z* is the number of partitions of the integer k into
odd parts. Also in

1
1—-2z)0 —-291 — 2% - - - (1 — 2%

the coeflicient of z* for £ < 2n is the number of partitions of the integer k&
into even parts, and the coefficient of z* for k¥ > 2n is the number of
partitions of the integer k into even parts not exceeding 2n. Again, in

1
1—-20 — 241 — 28 - - -

the coefficient of z* is the number of partitions of the integer k into even
parts.
Also, the polynomial

A+z)A+290 +23) - - - 1427

enumerates the partitions of integers no larger than =» into distinct
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(unequal) parts and the partitions of integers larger than n into distinct
parts not exceeding n, and

A+a)A+29A 429 - Q+am) - -

enumerates the partitions of the integers into distinet parts.

In the following examples it will be shown that the usefulness of
these results goes beyond the simple enumeration of the number of par-
titions of integers.

Example 2-15 Since
A+A+2)A+ A+ - - - A+@) - -

—1_x2.1—x4.1—x6l1_x8 ..... 1_x2r‘.i‘
T 1—2 1—22 1—2%8 1— 2¢ 1 —2r
1

T Ao -2)0 -2 - - -

we conclude that the number of partitions of an integer into distinct
parts is equal to the number of partitions of the integer into odd
parts. For instance, the integer 6 can be partitioned into distinct
parts in four different ways, namely,

6 5+ 1 4 + 2 3+2+1

There are also ekactly four different ways in which 6 can be par-
titioned into odd parts. They are

5 +1 3+ 3 3+1+4+1+41 14141414141 =

Example 2-16 Since

I-2)A+2)Q+2)A + 290 +28) - - - A +2¥) - - -
=1 - A +a)A+a)A+2%) - - - A +a?) - -
=1 —-zHA F+z9A 428 - - - QA +2z¥) - - -
=1

we have the identity

1
1 -2
Recalling that

1
1 —2

=1+20+2HA +29A +28) - - - 1 +2%¥) - - -

=14+z+22+a23+zt+ - - -

we conclude that any integer can be expressed as the sum of a
selection of the integers 1, 2, 4,8, . . ., 27, . . . (without repeti-
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tion) in exactly one way. (This is the well-known fact that a dec-
imal number can be represented uniquely as a binary number.)

Directly from this identity we have another interesting result.
Since

1
S SR (a0 [ R (o= R I N
=1l—-z+22—2+2t— ")
(1 —z2+2t—28+28— - - )
(1 —zt+a8—22 4216 — - ...
(1 _ x2" + x2-2' _ x3-2' _I_ x4'2' e . .) o o e
we conclude that to partition any integer n larger than 1 into parts
that are powers of 2, namely, 1, 2,4,8, . . . ,27, . . ., the number

of partitions that have an even number of parts is equal to the num-
ber of partitions that have an odd number of parts. The series

1_x+x2_x3+x4_...
enumerates the number of 1’s in a partition, with terms correspond-
ing to an even number of 1’s in the partition having +1 as the

coefficients and terms corresponding to an odd number of 1’s in the
partition having —1 as the coefficients. Similarly, the series

1 — 22+t —a8 F+ 28— - - .
enumerates the number of 2’s in a partition, and the series
1_x4+x8_x12+x16_...

enumerates the number of 4’s in a partition, with terms correspond-
ing to an even number of 2’s (or 4’s) having positive coefficients and
terms corresponding to an odd number of 2’s (or 4’s) having negative
coefficients. Therefore, in the expansion of the product

Q—z+z2—28+at— - )Q1—22+zt—z84+28— - )
(1—zt+z8—z2 g8 - .. ...
(1 — a2 + 222 — 82 4 02 — . . ) . ..

a term -z corresponds to a partition of the integer » into an even
number of parts, and a term —z" corresponds to a partition of the
integer n into an odd number of parts.

As an example, weseethat4 + 1,2 +1+1+ 1,2+ 2 + 1,
and 1 +14 141+ 1 are the four partitions of the integer 5
into parts that are powers of 2. Two of these partitions have an
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even number of parts, and the other two have an odd number of
parts. m

%2-6 THE FERRERS GRAPH .

A Ferrers graph consists of rows of dots. The dots are arranged in such
a way that an upper row has at least as many dots as a lower row. A
partition of an integer can be represented by a Ferrers graph by making
each row in the graph correspond to a part in the partition, with the
number of dots in a row specifying the value of the corresponding part.
For example, the partition of the integer 14 into 6 + 3 + 3 + 2 is repre-
sented by the Ferrers graph shown in Fig. 2-1.

Figure 2-1

Using the Ferrers graphs, we can derive some very interesting
results:

1. The number of partitions of an integer into exactly m parts is equal
to the number of partitions of the integer into parts, the largest of
which is m. This comes from the fact that the transposition of a
Ferrers graph (the leftmost column becomes the uppermost row
and so on) is also a Ferrers graph. It follows that the transposition
of the Ferrers graph of a partition having exactly m parts becomes
the Ferrers graph of a partition having m as the largest part.
For example, there are two partitions of the integer 6 that have
exactly four parts each. Theyare2 +2+1+1and3 +1+1
+ 1. There are also two partitions that have 4 as their largest
parts. They are 4 + 2 and 4 + 1 4+ 1. The corresponding Fer-
rers graphs are shown in Fig. 2-2.

24+2+4+1+1 3+1+1+1
(4 + 2, after transposition) (4 + 1 + 1, after transposition)

Figure 2-2
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2. Following the same argument as that in (1), we observe that the
number of partitions of an integer into at most m parts is equal to the
number of partitions of the integer into parts not exceeding m.
Therefore, the ordinary generating function of the numbers of par-
titions of integers into at most m parts is also

1
Q-2 —2% --- (1 —2zm)

Now, since the ordinary generating function of the numbers of par-
titions of integers into at most m — 1 parts is

1
Q-2 —2%) - A —2"1)

the ordinary generating function of the numbers of partitions of
integers into exactly m parts is :

1 1
I—2)1—2) - - 1—2m (A—-2z)(1—2% - (1—a2m))
xm
l—-—z) 1 —2%)---(1—2m

3. Using the previous result, we can find the ordinary generating func-
tion of the numbers of partitions of integers into exactly m unequal
parts. If we add m — 1 dots to the first row of the Ferrers graph
of an m-part partition of the integer n — [m(m — 1)/2], m — 2 dots
to the second row, m — 3 dots to the third row, . . . , and one dot
to the (m — 1)th row, we have the Ferrers graph of a partition of the
integer n into m unequal parts. Since this gives a one-to-one cor-
respondence between the m-part partitions of the integer n —
[m(m — 1)/2] and the partitions of the integer » into m unequal
parts, we conclude that the number of partitions of the integer n
into exactly m unequal parts equals the number of partitions of the
integer n — [m(m — 1)/2] into exactly m parts. Therefore, the
ordinary generating function of the numbers of the partitions of
integers into m distinct parts is

xm
A—-z) 1 —2% --- (1A —2zm)

a;m(m—l)/2

pm(m+1) /2
A—z1—2% - - - (I —zam

2-7 ELEMENTARY RELATIONS

Using mainly problems in combinations and permutations as examples, we
have introduced the notions of ordinary and exponential generating func-
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tions. However, we must emphasize that the concept of representing
sequences by their generating functions is not limited to the area of
combinations and permutations, as we shall see in the following chapters.
In this section, we present some elementary relations on the operations of

generating functions.

Let A(x), B(x), and C(z) be the ordinary generating functions of the

sequences (@o,a1, . . . ,@r, . . .), (boyby, . . . ;b . . .),and (coc1, . . .

¢y . . .), respectively. By definition,
C(z) = A(z) + B(z)

if and only if the members of the sequences are related as follows:

Co = ao + bo
c1= a1+ b
cr=ar+br

Similarly, by definition,
C(x) = A(z) X B(x)

if and only if the members of the sequences are related as follows:

Co = aobo

c1 = aibo + aoby

)

Example 2-17 Let A(zx) be the ordinary generating function of the
sequence (@o,a1,82, . . . ,@r, . . .). Since 1/(1 — z) is the ordi-
nary generating function of the sequence (1,1,1, ... ,1, .. .),
[1/(1 — 2)]A(z) is the ordinary generating function of the sequence

(@, @0 +ay,a0+ar+as ... ,¢0+a1+a+ --- +a,...).

[1/(1 — z) is, therefore, called the summing operator.]

For instance, to find the coefficient of the term z3% in
(1 — 322 + 427 + 1222 — 5z24) /(1 — z), we have as the answer

1-3+4+12=14. m

Example 2-18 Evaluate the sum
12_|__22+32+ . e . +7'2
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Let us first find the ordinary generating function of the sequence

(0%2,12,22,32, . . . ,r% . . .). Differentiating both sides of the
identity
I—-i-x=1+x+x2+x3+x4+..._l_xr_l_--.
we obtain

1 — 2 3 e s r—1 e e .
_(l—x)2_1+2x+3x + 423 + + rer! 4+
It follows that
d z = 12 2 2 2 2 3 o e .
EE(—I—_x)?_l +22 Xz 432 X224+ 42 X 2% +

+T2xxr—l+...

and
x—(—i——x———=02+12><x+22><x2+32><x3
dr (1 — x)?

+42xx4+...+r2xxr+...

Thus, z(d/dz)[x/(1 — x)?], which is equal to [z(1 + 2)]/(1 — x)3, is
the ordinary generating function of the sequence (0%,12,2%2,3%, . . . ,
r .. L)
According to the result in Example 2-17, [x(1 + 2)]/(1 — z)*
is the ordinary generating function of the sequence (0%, 0% + 12,
02+12+22’02+12+22+32, o ’02+12+22+32+ . . .
+ r%, . . .). According to the binomial theorem, the coefficient of
zrin 1/(1 — z)*is
()(=4=1(=4=2) - (z4—r+D
r!
4 X5X6X - X+3) _(+D0r+2)(r+3)
B r! B 1 X2X3

Therefore, the coefficient of 2" in the expansion of [zx(1 + z)]/(1 — z)*
is

r(r + (r + 2)
1 X2X3

that is,

(r—Dr(r+1) _rr+1)@2r+1)

+ 1 X2X3 6

_r(r+1)(2r + 1)

124224324 - oo g2 :

Let A(x), B(z), and C(z) be the exponential generating functions
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of the sequences (@op@1, . .. ,@r . . .), (boyby, ... b, ...), and

(co,C1) - - . ,Cry . . .), Tespectively. By definition,
C(z) = A(x) + B(x)

if and only if the members of the sequences are related as follows:

Co = ao + bo
c1 = ay + by
¢ = a, + b,

Similarly, by definition,
C(z) = A(z) X B(x)
if and only if the members of the sequences are related as follows:

Co = aobo
c1 = aiby + aoby
azby . aiby . acb:

"2:2!(2! tim T 2!)

= ol arbO ar—lbl ar_zbz L. aobr
¢ ’"‘[ A T T =2 +

Example 2-19 Evaluate the sum

r!

1,20 r— i+ DG+ D!

We observe first that

E r! _i r! 1 1
i=o(r-z‘+1)1(i+1)!‘izo(r—z’)mr—z‘+1z‘+1

Er: r 1 1
A iJr—1+17+1




1 1 1
=14 = x+—x2+§—,x3+gx4+ +r—!x’+
and
1, _ 1 1 1 L
E(e —1) = 1+'2—!x+3—!232+4—!$3+ T +n$ 1+
the exponential generating function of the sequence (1,§ %, i, SR
1

I ) is (1/x)(ex — 1). It follows that (1/x2%)(e* — 1)? is the

exponential generating function of the sequence
2 1 2 1 1 2
1 X1, 2><1+1>< (O)X§X1+(1)X§X§+(2)X1

1 < (7 1 1
X3 "’_Eogz‘)r—z‘+1i+1"

1=

Since

_]; z __ 2_._1_ 2z __ z
xz(e 1) = (e 2¢* + 1)

22 2\, (2 2 2t 2
=(’2‘!_§!>+(3‘!_3‘!>‘”+(4v 4v)xz+"'

2r+2 2
+[@+mr‘u+mJ”+"'

we obtain the result

_ Qr+2 2
z(r—z+1)'(z+1)' B [(r+2)' (r+2)!]
2(2r+1 — 1)

EPIES .

2-8 SUMMARY AND REFERENCES

We studied in this chapter the representation of sequences by their gen-
erating functions. This is a key concept in our subsequent discussion of
enumerative techniques. The generating function representation not
only makes the algebraic manipulation of sequences of numbers easier
as shall be seen in Chaps. 3 and 4, but such a representation is also very
useful for symbolic description of events as shall be seen in Chap. 5.
The concept of generating function is used extensively in probability
theory, e.g., the moment-generating function for probability moments.
Also, in the study of sampled-data systems and digital filters, generating
function is a very useful tool. To many engineers, the ordinary gen-



erating function of a sequence of numbers is known as the z-transform.

For the reader who is familiar with the topic of Laplace transforma-
tion, the close analogy between the Laplace transform of a continuous
function and the ordinary generating function of a sequence should be
mentioned. A continuous function a(r) and its Laplace transform A (z)
are related by the integral

A(z) = ﬁ)” a(r)e== dr

If a(r) consists of a sequence of delta functions (impulses) at discrete
valuesof r forr =0,1, 2, . . . , then

A) = a(0) + a(l)e + a(2e > + aB)e3= + - - -

A(z) can be viewed as the ordinary generating function of a discrete
sequence of numbers (a(0),a(1),a(2), . . .) with e for ¢ =0, 1, 2,
. . . as indicator functions. Such an analogy is more than superficial,
as shall be seen in Chap. 3.

MacMahon’s book [5] contains a most thorough development of the
subject matter, generating functions. Chapters 1 and 2 of Riordan [6]
and Chap. 3 of Beckenbach [1] are more compatible with our level of
presentation and scope of coverage. The topic of partition of numbers
can be found in most books on number theory. See, for example, Chap.
19 of Hardy and Wright [4]. See also Chap. 6 of Riordan [6]. The use
of generating functions in probability theory can be found in Chap. 9
of Feller [3] and Chap. 3 of Drake [2]. For an introduction to sampled-
data systems, see Tou [7].

1. Beckenbach, E. F. (ed.): “Applied Combinatorial Mathematics,” John Wiley &
Sons, Inc., New York, 1964.

2. Drake, A. W.: “Fundamentals of Applied Probability Theory,” McGraw-Hill
Book Company, New York, 1967.

3. Feller, W.: “An Introduction to Probability Theory and Its Applications,’”’ vol. I,
2d ed., John Wiley & Sons, Inc., New York, 1957.

4. Hardy, G. H., and E. M. Wright: “An Introduction to the Theory of Numbers,”
4th ed., Oxford University Press, London, 1960.

5. MacMahon, P. A.: “Combinatory Analysis,”” vols. I and II reprinted in one volume
(originally published in two volumes in 1915 and 1916), Chelsea Publishing
Company, New York, 1960.

6. Riordan, J.: “An Introduction to Combinatorial Analysis,”” John Wiley & Sons,
Inc., New York, 1958.

7. Tou, J. T.: “Digital and Sampled-data Control Systems,” McGraw-Hill Book
Company, New York, 1959.

PROBLEMS

2-1. Evaluate the following sums in which n, m, and k are nonnegative integers.

@) (g) + (g) +(Z) 4 .. +(Z) where ¢ = n if n is even, and
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g=n—1if nisodd

®) (Z)+(n;cl—l)+(n2—2>++(n-;m>

0 ()= (T ()= s o)

@ (2n)+2(2n—-1)+22(2n_2)+ ...+2n(")
(")(0)() ()(k—l) ()(k 2)+ +()()

o GG -G GID+G)GII)-

+=r (1) ("5 0)
o (@+GI)GI) T+
0 () 1)@ 420

2-2. (a) Show that
n—1
O RN G R G
r+1 r T\r+1
k=0

(b) Show that

n—1
2, (39)=-C3")
2 - 3
k=0
and thus

1X24+2X3+3X4+4+ - +nrn+1) =%er+1)E+2)

2-3. Among the three representatives from each of the 50 states, either none, or one,
or two of them will be selected to form a special committee.

(@) In how many ways can the selection be made?

(b) If the committee has exactly 50 members, in how many ways can the selec-
tion be made? (The answer may be expressed as a summation.)

2-4. Find the value of as in the following expansion:

z—3

g =0 tam tamt 4 - et -

2-5. In how many ways can 200 identical chairs be divided among four conference
rooms such that each room will have 20 or 40 or 60 or 80 or 100 chairs?

2-6. In how many ways can 3n letters be selected from 2n A’s, 2n B’s, and 2n C’s?

2-7. In how many ways can n letters be selected from an unlimited supply of A’s,
B’s, and C’s if each selection must include an even number of A’s?
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2.8. There are p kinds of objects with four of each kind and ¢ kinds of objects with
two of each kind (¢ is an even number). In how many ways can they be divided into
two equal piles such that there is an even number of each kind of object in both piles?
(0 is taken as an even number.) Evaluate your result for p = 4 and ¢ = 2.

29. (a) Let a, denote the number of ways in which the sum r will show when two
distinct dice are rolled. Find the ordinary generating function of the sequence
(agan,az, . . .).

(b) Let a, denote the number of ways in which the sum r can be obtained by
rolling a die any number of times. Show that the ordinary generating function of the
sequence (@¢,a1,as, . . .)is (1 — 2 — 22 — 23 — z* — b — 2871,

2-10. (a) Find the ordinary generating function of the sequence (ao,a1,a2 . . .) where
a, is the number of ways of selecting r objects from a set of six distinct objects, where
each object can be selected no more than thrice.

() From the generating function found in part (@), determine the number of
outcomes when three indistinguishable dice are rolled.

2-11. Find the ordinary generating function of the sequence (aoai,az . . .) where
a. is the number of partitions of the integer r into distinct primes.

2-12. (a) Find the ordinary generating function of the sequence (ao,a1,a2, . . .) where
a, is the number of ways in which the sum r will show when two distinct dice are
rolled with the first one showing even and the second one showing odd.

(b) Find the ordinary generating function of the sequence (ao,a1,as, . . .) where
a, is the number of ways in which the sum r will show when 10 distinct dice are
rolled, with five of them showing even and the other five showing odd.

2-13. (a) Find the ordinary generating function of the sequence (aoai,as . . .) where
a. is the number of ways in which r letters can be selected from the alphabet {0,1,2}
with unlimited repetitions except that the letter 0 must be selected an even number of
times.

(b) From the generating function found in part (a) find an explicit expression
for the number of ways of making such a selection of k letters.

2-14. A ‘“‘crooked die” is one whose six faces are marked with 1, 2, 3, 4, 5, and 7. Let
ar denote the number of ways in which the sum of the scores in r tosses of the ‘‘crooked
die”’ is an even number. Show that the ordinary generating function of the sequence
(@0,01,0, . . ) 18 35[1/(1 — 2)2]{[1/(1 — 2)4] + [1/Q + 2)4]}.

2-15. Let A(z) denote the ordinary generating function of the sequence of numbers
(@o,a1,a3, . . .). Find the sequence whose ordinary generating function is A (z) (1 —
z). (1 — z is therefore called the difference operator.)

2-16. Let A(z) be the ordinary generating function of the sequence (ao,a1,as, .. .).
Find the ordinary generating function of the sequence (qo,q1,92, - . .), where ¢, =

E a;. (Assume that all the ¢’s are finite.)
i=n+l
2-17. 1t is known that the ordinary generating function of the sequence (1,b,b% ...,
b, ...)is 1/01 — bzx). Find the sequence whose ordinary generating function is
bkzk/(1 — bzx)k+1,
2-18. Find the exponential generating function of the sequence (1, 1 X 4,1 X 4 X 7,
e, 1 X4XTX - X@Br+1), ...
2-19. Let a, denote the number of ways of permuting r of the 10 letters A, 4, A,
A, B, C, C, D, E, E. Find the exponential generating function of the sequence
(ag,an,as, . . .).
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2-20. Find the number of n-digit words generated from the alphabet {0,1,2,3} in each
of which the number of 0’s is even.

2-21. Find the number of n-digit words generated from the alphabet {0,1,2,3,4} in
each of which the total number of 0’s and 1’s is even.

2-22. Find the number of n-digit words generated from the alphabet {0,1,2} in each
of which none of the digits appears exactly three times.

2-23. (@) Evaluate the definite integral ﬁ) N e~*sk ds.

(b) Let A(x) and E(z) be the ordinary and exponential generating functions of
the sequence (@o,a1,as, . . .), respectively. Show that

Ax) = /;) " e*E(sz) ds

2-24. (a) Let A(z) be the ordinary generating function of the sequence of numbers
(ag,a1,a2, . . .). Find the sequences whose ordinary generating functions are

i
1. Ed}? A(z) where j is a nonnegative integer

2. z% (zd—‘i (zl—i%A(x)))

(b) Let 6 denote the operator z(d/dz), and let P(8) = po + p10 + p26* + - - -
+ pi6*, where po, p1, P2, - . - , DPx are real constants. What is the sequence whose
ordinary generating function is P(8)A (z)?
2-25. Let (po,p1,ps, . - .) be a sequence of nonnegative numbers which are less than
or equal to 1. Let P(z) denote the ordinary generating function of this sequence.
(a) The kth moment of the sequence (po,P1,P2, - - .), Mk, 18 defined as

mi = i 7*p;
i=0

Suppose that m; exists for k = 0, 1,2, . . . . Show that the exponential generating
function of the sequence (mo,mi,mz, . . .), M (x), is given by
M (z) = P(e*)

[M (z) is also called the moment generating function.]
(b) The kth factorial moment of the sequence (po,p1,p2, - - -), Nk, is defined as

$T L G-t
i=k

Show that the exponential generating function of the sequence (n¢,n1,n,, . . .), N(),
is given by P(z + 1).

2-26. Let A(z) and B(z) be the ordinary generating functions of the two sequences
of numbers (a,a1,az, . . .) and (bo,b1,bs, . . .), respectively.

(a) Define

Cn,j = bocn—l.i + blcn—l.;‘—l + -+ bi—lcn—l.l + b,-cn_1.o
and
C1,; = b,'



PROBLEMS 55

Suppose that ¢,,; existsforj = 0,1, 2, . . . . Find the ordinary generating function
C.(z) of the sequence (cn,0,Cn,1Cn,2, - - ).

(b) Let d; = Z akck,j. Suppose that d; exists for =0, 1, 2, . . . . Show
k=0
that the ordinary generating function of the sequence (do,d1,dz, . . .), D(z), is equal
to A(B(z)).
2-27. In this problem we investigate the following representation of an arbitrary posi-

tive integer n
bx

b, b, bs
() ) )
for a fixed k, where the b’s satisfy the condition

0<b <by<bzs < -+ <bg

That such a representation is possible can be seen from the following procedure for
determining the b’s:

. . b
bx is the greatest integer such that ( kk> <n

. . br— b
br— is the greatest integer such that (k k-1 ) <n-— ( k)

k
. . b b;
b, is the greatest integer such that (11) <n-— 2 <j’>
i=2

We can show that this representation is unique by proving the following
inequality:

()> () G2+ +(7)

(a) Explain why.
(b) Show that

n n—1 n—2 n—3 n—k
()--Ce)+C)+ G+ ()
2-28. Prove the identity
1
—=01+z4+224+ .- +290 +204+220+ ... 4 2%)

1 —2
(1 + 2100 4 2200 . . . 4 2900) . . .

In terms of the partitions of integers, what is the significance of this identity?
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2-29. Show that the number of partitions of the integer 2r + k into exactly r + k
parts is the same for any nonnegative integer k.

2-30. Prove that the number of partitions of the integer » into m distinct parts is equal
to the number of partitions of the integer n — [m(m + 1)/2] into at most m parts
(n >m(m + 1)/2).

Hint: Use a Ferrers graph.
2-31. Show that the number of partitions of the integer 2n into three parts which are
such that the sum of any two parts is greater than the third is equal to the number of
partitions of n into exactly three parts.

2-32. (The Theorems of Euler)

(@) A partition of an integer is said to be a self-conjugate partition if its corre-
sponding Ferrers graph is symmetrical about its main diagonal; i.e., the transposition
of the graph is identical to itself. Show that there is a one-to-one correspondence
between the self-conjugate partitions and partitions into odd and unequal parts of an
integer.

() Find the ordinary generating function of the sequence (aoai,as - . .,
ar, . . .) Where a, is the number of partitions of the integer r — N into even parts,
the largest of which is less than or equal to 2m. Clearly, a-is the same as the number
of partitions of the integer 14(r — N) such that the largest part in a partition is less
than or equal to m.

(¢) The largest square of dots at the upper left-hand corner of a Ferrers graph
(as illustrated in Fig. 2P-1) is called the Durfee square. Let ar denote the number of

Figure 2P-1

self-conjugate partitions of the integer r whose Ferrers graphs contain an m X m
Durfee square. Show that the ordinary generating function of the sequence
(@an,an,@s, . . . ,ar, . . .)1s

zm?

1—-2z1 —2% - - - (1 —z2m)

(d) Use the results of parts (a), (b), and (c) to prove the identity

T +2)A +2)A +279 - - - =1+ jx2+(1 —z;)v(‘l — z¥)

x?

ta—sma-=a-= "1

© xmz
- Z 1-291 —-291 —-2% - - - (1 — z*™)
m=1
(First theorem of Euler)
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(e) Prove the identity

2?2 z8

A+290 +290 +29 - =1+ 7-m+ 5= a =29

x12

ta-oa-ma-- "

= xm(m+l)
=1 zl 1—-z0 — 2@ — 25 - - - (1 — z2m)

(Second theorem of Euler)

Hint: Replace 22 by z. Instead of the Durfee squares in the Ferrers graphs,
consider isosceles right triangles of dots at the upper left-hand corner of the Ferrers
graphs.

2-33. Let a, be the number of incongruent triangles with integral sides and perimeter r.
Find the ordinary generating function of the sequence (ao,a1,a2, . . .).



Chapter 3
Recurrence Relations

3-1 INTRODUCTION

Consider the geometric series (1,3,3%33% . . . ,3", . . .). Clearly, this
sequence of numbers can be described by the expression for the general
term

a,=3*. n=2012 ...

An alternative way of describing this sequence of numbers is to express
the nth number in terms of the (» — 1)st number, together with the
specification of the first number in the sequence; that is,

a, = 30n._1 a, =1

For a sequence of numbers (a,a1,a2, . . . ,as, . . .) an equation relating
a number a, to some of its predecessors in the sequence, for any =, is
called a recurrence relation. A recurrence relation is also called a differ-
ence equalion, and these two terms will be used interchangeably. In this
example the recurrence relation specifies that the nth number is computed
as three times the (n — 1)st number in the sequence. To initiate the
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computation, one must know one (or several) number(s) in the sequence,
called the boundary condition(s). In this example the boundary condition
1s aog = 1.

As another example, consider the sequence of numbers known as
the Fibonacci numbers. The sequence starts with the two numbers 1,
1 and contains numbers which are equal to the sum of their two immedi-
ate predecessors. A portion of the sequence is

1,1,2,3,5,8,13,21, 34, . ..

It is quite difficult in this case to obtain a general expression for the nth
number in the sequence by observation. On the other hand, the sequence
can be described by the recurrence relation

Un = Gn—1 + Gn_2
together with the boundary conditions
ap =1 a =1

Our immediate interest lies in the solution of a recurrence relation
to obtain a general expression for the nth number in a sequence. In
most practical cases, the converse problem of obtaining a recurrence
relation from a general expression for the nth number is of less interest.

The technique of using recurrence relations is a very powerful one in
enumeration problems. Before we discuss the solution of recurrence
relations, consider the following example. Let there be n ovals drawn
on the plane. If an oval intersects each of the other ovals at exactly
two points and no three ovals meet at the same point, into how many
regions do these ovals divide the plane? Let a, denote the number of
regions into which the plane is divided by n ovals. Itis clear that a; = 2.
By the construction shown in Fig. 3-1 we also find that a; = 4, a; = 8§,

Y

Figure 3-1

and a, = 14. Beyond this point actual construction becomes compli-
cated, but a general expression for a, is still not immediately obvious.
Suppose that we have drawn n — 1 ovals that divide the plane into a,—;
regions. The nth oval will intersect these n — 1 ovals at 2(n — 1) points.
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In other words, the nth oval will be divided into 2(n — 1) arcs. Since
each of these arcs will divide one of the a,_; regions in two, we have the
recurrence relation

An = Qp_1 + 2(n — 1)

With this relation and the boundary condition a; = 2, one can compute
the value of a, for any given n simply by repeatedly applying the recur-
rence relation. For example,

as =a,+2XGB—-—1) =14+ 8 =22
and
ag =as+ 2 X (6 —1) =22+ 10 = 32

Subsequently we shall see how this recurrence relation can be solved to
obtain a general expression for a,. Although such a general expression
is most frequently the desired result, in many cases obtaining the recur-
rence relation is a big step toward the solution of an enumeration problem.
This is true because even when a general expression is not readily
solvable from the recurrence relation, one can always resort to a step-by-
step computation for the value of a desired a.. As illustrated in this
example, without the recurrence relation the possibility of such a compu-
tation is not at all obvious.

3-2 LINEAR RECURRENCE RELATIONS
WITH CONSTANT COEFFICIENTS

A recurrence relation of the form
Cotn + C1n1+ * + + + Crn—, = f(n) (3-1)

is called a linear recurrence relation (difference equation) with constant
coefficients where all the C’s are constants. For example,

3a, — 5an,_1 + 20,2 = n®+ 5

is a linear difference equation with constant coefficients.
As was pointed out previously, if the values of r consecutive a’s in

the sequence, ax—_r) @Gx—r+1, . . . , Ge—1, are known forsome k, the value of a;
can be calculated by use of (3-1). Also, the values of ar41, Qrye, . . .
and the values of ax_,_1, ax_,—2, . . . can then be calculated recursively.

It follows that the solution to (3-1) is determined uniquely by the
values of r consecutive a’s (the boundary conditions). As a matter of
fact, as will be seen shortly, the general form of the solution to Eq. (3-1)
contains r undetermined constants. These constants can be determined
by the values of r consecutive a’s in the sequence.

Analogous to the solution of a linear differential equation with
constant coefficients, the (total) solution of a linear difference equation
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with constant coefficients is the sum of two parts—the homogeneous
solution, which satisfies the difference equation when the right-hand side
of the equation is set to 0, and the particular solution, which satisfies the
difference equation with f(n) at the right-hand side. Let a{® denote the
homogeneous solution and a!” denote the particular solution to the
difference equation. Since

Cal® + Ca; + - -+ +Ca?, =0
and
Coa? + Cra2y + - - - + Cia,2, = f(n)
we have )
Cola + 0) + Cr(aPy + a®) + - - - + G, + a2,) = fn)

Clearly, the total solution, a, = a® + a'?, satisfies the difference equa-
tion. In Appendix 3-1 it will be shown that a, is determined uniquely
by the boundary conditions.

The homogeneous solution of a linear difference equation is of the
form

a® = Aaf

where a; is called a characteristic root and A is a constant determined by
the boundary conditions. Substituting Aa«a® for a, in the difference
equation with the right-hand side of the equation set to 0, we obtain

Cida™ + C1d4a™ ! + Ci4a* 2+ - - - + C,Aar " =10
This equation can be simplified into the polynomial
Coa" + Cra 1+ Coa2+4+ - - - +C,=0

which is called the characteristic equation of the difference equation.
Therefore, if a; is one of the roots of the characteristic equation (it is
for this reason that a; is called a characteristic root), Aaj is a homogene-
ous solution to the difference equation.

A characteristic equation of rth degree has r characteristic roots.
Suppose the roots of the characteristic equation are distinet. In this case
it is easy to verify that the homogeneous solution is

a® = Aot + Asal + - - - + Aol

where a1, a3, . . . , a, are the distinct characteristic roots and 4, 4.,
. . ., A, are constants which can be determined by the boundary con-
ditions. Let us revisit the example of the Fibonacci sequence of numbers
discussed in Sec. 3-1.

Example 3-1 The recurrence relation for the Fibonacci sequence of
numbers is

An = Qn—1 + An—2
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The corresponding characteristic equation is
a’—a—1=0
which has two distinct roots

_1+4+4/5 _1—-4/5
LA B Bl A

(02} )

(231

The homogeneous solution (in this case, also the total solution, since
the particular solution is 0) is

a, = a® = A1<1_i2\__/_§) + Az(l;z\/_g>

The two constants A; and A, can be determined from the boundary
conditions ay = 1 and a; = 1 by solving the two equations

a =1=4,+ A,

and
a; =1 =A11—+———\/—5—+A21—_ﬂ
2 2
These equations yield
11 1 1-—

Al = — + \/5 and Az = — \/5

v5 2 V5 2
Thus,

55

When the coefficients of the characteristic equation are real numbers
but some of the characteristic roots are complex numbers, the homogene-
ous solution can be written in a different form. If a polynomial has real
coefficients, then the complex conjugate of every root is also a root of the
polynomial. Hence, complex roots always appear in pairs. Let a; =
6 + tw and a2 = § — 7w be a pair of complex characteristic roots. The
corresponding homogeneous solution will be

Ai(a)™ + As(az)” = A1(8 + tw)* + A2(6 — tw)”
= Bjp" cos nf + Bjp" sin no
where p = V 62+ w? 0 = tan~!(w/8), B1 = (41 + A2),and B: = i(41—A,).

Note that B, and B, are constants determined by the boundary condi-
tions.
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Example 3-2 Evaluate the n X n determinant

0 00 0O
0 00 0O
0 00 0O
0 00 0O

110000
111000
011100

0 01110

01110
0 0111
0 0011

0 000 OO

0 000 0O

0 000 0O

Let ax denote the value of the &k X k determinant that is of this form.

Expanding the n X n determinant with respect to the first column,

we have

gn

0 00 0O
0 00 0O
0 00 0O
0 00 0O
01110
00111
0 00 11

110000
1 11000
011100
0 01110
0 000 OO
0 000 OO
0 00 0 0O

11000

oo

O -

— -

v -

- o .

0
0
0

0 00 0O
0 00 0O
0 00 0O

o o

oo

o o

o o

o o

o o

o o

O -

O -

v

0 00 0O

01 110

01110
0 0111
0 0011

0 0 0 0O
0 00 0O

0 00 0O
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Expanding the second determinant on the right-hand side with
respect to the first row, we obtain the recurrence relation

Qn = Qp—1 — QAp—2
The corresponding characteristic equation is
al—a+1=0

The characteristic roots are

Thus, we have

nw . nr
a, = B; cos—3— + stm?

since p = \/(%)2 + (—\2{—3)2 = ] and tan™! (-—2\/—5/%> =1r/3. (The

particular solution is 0.) From the boundary conditions

a =1 a: =0
the constants B; and B, are determined as

B, =1 Bz=—l“

V3

Therefore, the solution of the difference equation is

a —cosn—7r+—l—sinn—7r
" 3 3 3
which gives a1 =1,a, =0,a3; = —1,a, = —1,a; =0, . . ., as

we can check by directly calculating the values of the correspond-
ing determinants. m

So much for the case of distinct characteristic roots. Now sup-
pose some of the roots of the characteristic equation are multiple roots.
Let o1 be a k-multiple root. The corresponding homogeneous solution is

(Am*=t + Amn*2 4+ - - - + Ap_an? + Ar_in + 4i)o}

where the A’s are constants which are determined by the boundary con-
ditions. It is clear that a® = A,a} is a homogeneous solution of the
difference equation (3-1). To show that a® = A,_mma?} is also a
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homogeneous solution, we recall that a; not only satisfies the equation
Coa® + Cra® '+ Coa™ 2+ - -+ + Cra® " =0 (3-2)
but also satisfies the derivative of Eq. (3-2), which is
Cona™! + Ci(n — 1)am% 4 Co(n — 2)a™3 4 - - -
+ C.(n — r)a 1 =0 (3-3)

because «; is a multiple root of Eq. (3-2). Multiplying Eq. (3-3) by 4x_1a
and replacing o by a1, we obtain

Coldi_ma® + C1dr_1(n — 1ot + Codi_1(n — a2 + - - -
+ C,Ai_1(n — 1r)al" =0

which shows that A;_ina} is indeed a homogeneous solution.

The fact that «; satisfies the second, third, . . . , (k — 1)st deriva-
tives of Eq. (3-2) enables us to prove that A;_.n?a}, Ar_smial, . . .,
Am*¥1a} are also homogeneous solutions.

Example 3-3 Solve the difference equation
an + 6an_1 + 12a,_2 + 8an_s = 0

with the boundary conditions ay = 1, a; = —2, and a; = 8. The
characteristic equation is

a4+ 6a2+ 12 +8 =0
The solution is
a, = (A1n2 + Azn + A3)(—2)"

since —2 is a triple characteristic root. From the boundary condi-
tions, the constants are determined as

A1=% A2=—% A; =1 m

Example 3-4 Evaluate the n X n determinant

210000 0 00 0O
1 21000 0 00 0O
01 2100 0 00 0O
0 01 210 0 00 0O
0 000 0O 01 2 10
0 00 0 0O 0 01 21
0 000 OO 0 0 01




RECURRENCE RELATIONS

Let a; denote the valueof the k X k determinant that is of this form.
As in Example 3-2, the recurrence relation is

Un = 20n_1 — Qn_2

The characteristic roots are found to be 1 and 1, and the solution is
a, = (Am + 4;)(1)» = Am + A,

From the boundary conditions a; = 2 and a; = 3, we obtain

4, =1 4, =1

Thus, the solution is

a, =n+1 m

As to the particular solution of a difference equation, there is no

general way of finding it. However, when the function f(n) is in a rela-
tively simple form, the particular solution can be determined by inspec-
tion, as illustrated in the following examples. In Sec. 3-3, it is shown
that both the particular solution and the homogeneous solution can be
determined at once by the use of generating functions.

Example 3-5 Solve the difference equation

a, + 24,1 =n+ 3

with the boundary condition ap = 3. The homogeneous solution is
A(—2)*. To determine the particular solution, we try a solution
of the form a® = Bn + D. Substituting this into the difference
equation, we have

Bn+ D+ 2[B(n—1)+D]=n+3
which gives
3Bn + 3D — 2B =n + 3

Comparing the coefficients of » and the constant terms on the two
sides of this equation, we have

3B =1 and 3D — 2B =3

that is,
B =14 D =114
and thus,
@ =" 1
A
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The total solution of the difference equation is simply the sum of
the homogeneous and particular solutions. Thus,

n , 11

From the boundary condition, the constant A is determined as 184.
[ |

Example 3-6 Solve the difference equation

an + 20n—1 + Qn—2 = 2n

The homogeneous solution is (Ain + A4,)(—1)». The particular
solution is found by trying a solution of the form B X 2». Since

BX2"4+2XBX2"14+ B X222 =2

B is determined as 4. m

Example 3-7 (The Tower of Hanot problem) n circular rings of tapering
size are slipped onto a peg with the largest ring at the bottom as
shown in Fig. 3-2. These rings are to be transferred one at a time

"
:
-

S

Figure 3-2

onto another peg, and there is a third peg available on which rings
can be left temporarily. If, during the course of transferring the
rings, no ring may ever be placed on top of a smaller one, in how
many moves can these rings be transferred with their relative posi-
tions unchanged? We transfer the n rings by first moving the top
n — 1 rings onto the third peg. Then we place the largest ring onto
the second peg and move the n — 1 rings from the third peg onto
the second peg. If we let a, denote the number of moves it takes
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to transfer n rings from one peg to another, we have the recurrence
relation

an = 2apn—1 + 1

The homogeneous solution is A X 2" and the particular solution is
—1. Since the boundary condition is @a; = 1, we have the solution

a, =2"—1 m

3-3 SOLUTION BY THE TECHNIQUE OF GENERATING FUNCTIONS

There are many physical problems in which a difference equation of the
form

Coan +Ciap1+ - - - +Coan_, = f(n)

has physical significance and is valid only for » being larger than or equal
to some integer k. We shall only be interested in determining the values
of the a,’s for n > k — r because these are the only a,’s that are related
by the difference equation and may have physical significance. (Among
these a,’s, ar—r, Gx—ry1, - . . , Gx—1 are boundary conditions specified by
the problem.) Moreover, for problems in which a, has physical sig-
nificance only for n > 0, k is larger than or equal to . We shall limit
our discussion to such a case in which a difference equation is valid for
n >k, with £k > r. (Notice that this is nof equivalent to saying that
the difference equation is valid for n > r.) Since the values of the a,’s
for n < k — r are not constrained by the difference equation, they can
be chosen arbitrarily. If we set a, to 0 for » < 0 and choose some
arbitrary valuesf for the a,’s for 0 < n < k — r, we can solve for the
generating function of the sequence (ao,a1,az, . . . ,as, . . .), instead of
solving for a general expression for a,.

Let A(z) denote the ordinary generating function of the sequence
(@o,a1,a2, . . . ,@n, . . .); that is,

A(x)=ao+alx+a2x2+ e @+ - -

[Henceforth, unless otherwise specified, the ordinary generating function
of a sequence of numbers denoted by lowercase letters will be denoted
by the corresponding uppercase letter; e.g., the generating function
of the sequence (g0,91,92, - - - ,gn, - . .) Will be denoted by G(z).] Let

t In many problems, we choose their values such that the range of n for which the
difference equation is valid can be extended. That is, the difference equation becomes
valid for n > k’ (k' < k). The advantage of such a choice is to simplify the com-
putation. However, let us emphasize that such an extension of the range of validity
does not change the physical problem and will not affect the values of the a,’s that
we are interested in (n > k — 7).
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both sides of the difference equation be multiplied by z* and then summed
from n = k to n = «; that is,

Z (Coan + Clan—l + ot + Cran—r)xn = z f(n)xn
n=Fk n=k

Since
E Coanz" = Co[A(z) — ap — a1z — @ex? — - * - — @p_12*]
n=k
Z C10n_1z® = C1z[A(z) — @0 — a1 — asx® — * * + — Qp_g2F 7]
n=k
Z Cranz" = Cx[A(z) — ao — 1z — @sx — - * * — Gp_p_y2¥1]
n=k

we have an algebraic equation by which A (z) can be solved; that is,
A@) =ao+ ax + © - - + @p_rrzt—1

1 3 n k—r . .
+ 00 + 0122 + . . . + Crxr [nzkf(n)x + Cﬂ(ak—rx +
+ ar-17*1) + Cilap—z*—+ + - - - + aro2*7?)
+ -0+ Cr—lak—rxk—l]
It is clear now that the values of.ao, @1, . . . , ax—-—1 which were chosen

arbitrarily will not affect the values of the a,’s for n > k — r as was
pointed above. Notice that to determine A(z) we need to know the
values of ax—, Gx—r+1, . . . , Gx—1 Which are the boundary conditions that
are used to determine the coefficients in the homogeneous solution in the
method of solution in Sec. 3-2.

We shall illustrate the procedure by solving the recurrence relation
obtained in Sec. 3-1 for the problem of the ovals. The recurrence rela-
tion is

An = Qn_1 + 2(n — 1)

Since a; has physical meaning only for 7 > 1, the recurrence relation is
valid for n > 2. Because a, has no physical significance, we can choose
any arbitrary value for asf. One choice is to have a value for a, such that

t The reader may wonder why such a point never arises in the method of solution
discussed in Sec. 3-2. The reason is that in Se¢. 3-2, we have tacitly assumed that
those a’s having no physical significance are always chosen in such a way that the
recurrence relation is satisfied for all n (positive as well as negative). For example,
we can see that in Example 3-2, the general expression a, = cos (nx/3) + 1/4/3 sin
(nx/3) yields ap =1, a_, =0, a_; = —1 .. .. Although these values have no
physical significance, they do satisfy the recurrence relation.
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the range of validity of the recurrence relation is extended. We there-
fore choose ao to be equal to 2 because a; is equal to 2. The recurrence
relation is now valid for n > 1. Multiplying both sides of the recur-
rence relation by z* and summing both sides from n =1 to n = «, we
have

i AnX" = i An_12" + 2 i (n — 1z~
= n=1 n=1

2

A(z) — ao = zA(z) + m
or
222 n 2

Q-2 " 1—12

It follows that

A(z) =

a, =nn—1) + 2 n=012 ...

Note that 22%2/(1 — z)2is the ordinary generating function of the sequence

0,0,2,6,...,n(n —1), .. .)since the coefficient of the term z»—2 in
1/(1 — )3 1s
(n — 2)!
_3X4X5---Xn _1
B (n — 2)! =gnn—1)

To show that any arbitrary choice of the value of a, will give us the
correct answer for a, for n > 1, we shall solve the recurrence relation
with ay = 5 (a random choice). Multiplying both sides of the recur-
rence relation by z» and summing from n = 2 to n = «, we obtain

i A" = i An_12" + 2 z‘o (n — 1)z
n=2 n=2 n=2

A(z) — awx — ao = z[A(z) — ao] + (_12T2272

Because the boundary condition is a; = 2, it follows that

2z2

A(z) = aT— )¢

Thus,

II
- o

_{5
"= 1nm —1) +2
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Example 3-8 Among the 4» n-digit quaternary sequences, how many of
them have an even number of 0’s? How many of them have an
even number of 0’s and an even number of 1’s? (The reader may
recall that we have discussed this problem in Example 1-9. It is
instructive to compare the two methods of solution.)

If we let a,—; denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0’s, then the number of
(n — 1)-digit quaternary sequences that have an odd number of 0’s
is 4! — a,_1. To each of the a,_; sequences that have an even
number of 0’s, the digit 1, 2, or 3 can be appended to yield sequences
of length n that contain an even number of 0’s. To each of the
4-1 — q,_; sequences that have an odd number of 0’s, the digit 0
can be appended to yield a sequence of length n that contains an
even number of 0’s. Therefore, for n > 2,

a, = 3an—1 + 4n—1 — an—1
which simplifies to
an — 20,1 = 4771

Since a; = 3, we choose a; = 1 so that the recurrence relation is also
valid for n = 1. Multiplying both sides of the recurrence relation
by z* and summing fromn = 1 to n = «, we obtain

0 o0 - -]
z a,x" — 2 z A, 1" = E 4r—1gn
n=1 n=1 n=1

z
1 — 42

Alx) — 1 — 22A(2) =

1 x _ &)
A(x)_1—2x(1—4x+1>_1—4x+1—2x

It follows that

a, = 144r 142 n>0

Let b.—1 denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0’s and an even number of
1’s. Let c,—1 denote the number of (n — 1)-digit quaternary
sequences that have an even number of 0’s and an odd number of
1’s. Let d.—1 denote the number of (n — 1)-digit quaternary
sequences that have an odd number of 0’s and an even number of
1’s. It follows that there are 4! — b,y — ¢,1 — duy (n — 1)-
digit quaternary sequences that have an odd number of 0’s and an



odd number of 1’s.

table,

RECU

RRENCE RELATIONS

According to the information in the following

Resultant
sequences
of length n

Sequences of
length n — 1

D1igit appended

20r 3

Even number of 0’s
Even number of 1’s

Odd number of 0’s
Even number of 1’s

Even number of (’s
Odd number of 1’s

Even number of 0’s
Even number of 1’s

Even number of 0’s
Odd number of 1’s

Odd number of (’s
Odd number of 1’s

Even number of (’s
Even number of 1’s

Even number of 0’s
Odd number of 1’s

Odd number of 0’s
Even number of 1’s

Even number of 0’s
Even number of 1’s

Odd number of 0’s
Odd number of 1’s

Odd number of 0’s
Even number of 1’s

Odd number of 0’s
Odd number of 1’s

Even number of 0’s
Odd number of 1’s

Odd number of 0’s
Even number of 1’s

Odd number of 0’s
Odd number of 1’s

we have the recurrence relations

bn—'

Cn

2bn—1 + Cn—1 + dn—l
- bn—l + 2c‘n—l + 4"_1 - bn—l — Cp—1 — dn—l
dn = bn—l + 2dn—l + 4nr—1 — bn—l — Cp—1 —

n—1

which are valid for n > 2. After simplification,

b =
Cn
dn

= Cp—1 — dn_1

2bn—1 + Cn—1 + dn—l

_I_ 4n—1

—Cp—1 + dn—l + 4n—1

The values of by, ¢y, and do can be chosen as

bo = 34 Co =

so that the recurrence relations will be valid for n > 1.

i bazn

n=1
[ -] [} -] 0

CaZ™ = z Cn_1Z"® — z dp_12" + z 4n—1gn
n=1 n=1 n=1 n=1
0 -] [} 0
z dpz® = — Z Cn1Z" + E dn_12™ + z 4n—1gn
n=1 n=1 n=1 n=1

/
14

do = 14

2 i bn—lxﬂ + i Cn—lxn + i dn—lxn
n=1 n=1 n=1

(3-4)
(3-5)
(3-6)

Thus,
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Using the generating function representation, these relations become
= 2¢B(zx) + 2C(z) + zD(x)

4
41 =zC(x) — zD(z) + 7 _:z:4x

D() — ¥4 = —2C@) + zD@) + 71

Solving these equations, we obtain

_ 14 Y
B(z) = —~ +1 55,

It should be pointed out that this example also illustrates the use
and solution of simultaneous linear difference equations with constant
coefficients [Eqs. (3-4) to (3-6)]. With the generating function rep-
resentation the solution of a set of simultaneous linear difference
equations with constant coefficients is reduced to the solution
of a set of linear algebraic simultaneous equations for the gen-
erating functions of the sequences. Although it is also possible
to reduce a given set of simultaneous difference equations to a
set of independent difference equations, one for each of the unknown
sequences, the generating function approach is usually easier and
more straightforward. m

*3-4 A SPECIAL CLASS OF NONLINEAR DIFFERENCE EQUATIONS

Thus far we have discussed the solution of linear difference equations
with constant coefficients. The solution of nonlinear or variable-coeffi-
cient difference equations is a topic that is beyond our scope of discussion.
However, there is one very common class of nonlinear difference equations
that can be handled elegantly by the use of generating functions. Con-
sider a difference equation of the form

Gn = Op_y@o + Qp—p1@; + * * * + GoGn—r (3'7)

which is valid for n > k. Again, we shall limit our discussion to the
case in which & > r. Notice that the value of a, for n > k can be
computed recursively when the values of ao, a1, . . . , ax—; are known.
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These values are the boundary conditions that determine the solution
uniquely. Multiplying both sides of Eq. (3-7) by z* and summing from
n =k ton = «, we obtain

00
Y @z = Y (Gn—r@o + Guyoitr + - ¢ ¢+ Qo )2
n=k n==k

Recognizing that (a,_,a¢ + @n_r—181 + - - - + aoa._,) is the coeflicient
of z»in A(x)A(z), we can write
Alx) —ap —aix — - - - — ag_1x*?
= 27 [A(x)A(z) — a3 — (@100 + aoa)r — - -+ — (Ar_r—100
+ k201 + - + @oOh_r—1)2¥ Y] (3-8)

Equation (3-8) is a second-order algebraic equation in A (z) which can be
solved for A(z) by the ordinary algebraic: method. (The values of
ao, Q1, . . . , @x—1 are the known boundary conditions.)

Example 3-9 Find the number of ways to parenthesize the expression

w1+ we + 00 War + Wy

so that only two terms will be added at one time. [For instance,
the expression w; + ws + w3 + wy can be parenthesized as
(w1 + we) + (w3 + wy)), (w1 + (w2 + w3) + wy)), and so on.]
Let a; denote the number of ways of parenthesizing an expression
with 7 terms. Consider the two subexpressions

wl+w2+"'+wn—r wn—r+1+wn—r+2+°"+wn

There are a,_, ways to parenthesize the first expression and a,
ways to parenthesize the second expression. It follows that there
are a,—.a, ways to parenthesize the overall expression in which the
last pair of parentheses added joins these two subexpressions.
Letting r range from 1 to n — 1, we obtain the difference equation

Qpn = Q101 + Gp202 + * * * + G20u_s + 010,

This equation is valid for n > 2. (Notice that a; = 1.) Since a,
is not constrained by the difference equation, it can be chosen in an
arbitrary manner. Letting a, = 0, we rewrite the difference equa-
tion as

n = A, + G101 + * * - + @18, + aoa, n > 2

It follows that
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-]

Z A" = E (@00 + Gnyty + * * © + @181 T+ Goa,)T"
2 n=2

n=

A(x) — aix — ao = [A(x)]2 — a(z) — (@100 + aoa1)x
[A@)]? — A(x) + =0
A = LT \/21—43:

Although there are two solutions for A(x), only the one that gen-
erates a sequence of positive numbers will be chosen. Since the

general term in 4/1 — 4z is
380 -G —2)--- (G —n+1) (—dz)"

n!

_ _1IXIX3X5X - X@-—-3),, .

n!
B g 2n — 2
n\n—1
the solution

Alx) =1 — 15 /1 — 4z
should be chosen. It follows that

0 n =20
n = 1(2"'_2) n=123 ... n
n\n—1

The extension of this case leads us to the solution of another large
class of problems. Consider a difference equation of the form

bn = an—rbo + an—r—lbl + ot + aObn—r n Z k

where k > r. Multiplying both sides by 2" and summing fromn = k to
n = o, we obtain

E bnxn = Z (an—rbo + an—r—lbl + e + aobn—r)xn
n=k n=k

B(x) — bo —_ blx _— o - bk_lx"‘l
= :z:'[A(x)B(x) - aobo - (albo + aobl)x —_
— (@k—r—1bo + Qx——2b1 + - -+ + aobx_r—1)z* "]

If either A(z) or B(x) together with the appropriate boundary conditions
are known, then the other can be obtained.
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We now discuss several examples concerning the occurrence of
patterns in a binary sequence. A pattern consists of one or more con-
secutive binary digits like 01 and 1011. A pattern is said to occur at the
kth digit of a sequence if, in scanning the sequence from left to right, the
pattern appears after the kth digit is scanned. After a pattern occurs,
scanning starts all over again to search for the second occurrence of the
pattern that just occurred or for the occurrence of other patterns. For
example, the pattern 010 occurs at the fifth and the ninth digits in the
sequence 110101010101, but not at the seventh and eleventh digits.

Example 3-10 Find the number of n-digit binary sequences that have
the pattern 010 occurring at the nth digit.

Let b, denote the number of such sequences. Among all the
n-digit binary sequences, there are 2"—3 sequences that have 010
as the last three digits. These sequences can be divided into two
groups: those that have the pattern 010 occurring at the nth digit
and those that do not have the pattern 010 occurring at the nth
digit. There are b, sequences in the former group. The sequences
in the latter group must have the pattern 010 occurring at the
(n — 2)nd digit (for example, a sequence such as - - - 001010) since
this is the only reason that the last three digits in these n-digit
sequences were not accepted as a 010 pattern. It follows that
there are b,_, sequences in the latter group, and thus

2n—3 = bn + bn—2

Clearly, this difference equation is valid for n > 5. Since the
values of by, b;, and b, are not constrained by the difference equa-
tion, they can be chosen in an arbitrary manner. For a reason
that we shall discuss later, we set

bo=1 b1=b2=0

For such a choice of the unconstrained values, the difference equa-
tion is valid forn > 3. The solution of the difference equation is
straightforward, namely,

L -]

2 2n—3gn = i b.z™ + 5: bp_2x™
n=3

n=3 n=3
3
= B@) — 1+ 2%B@) — 1]
and
— 2 __ A3
B(z) = il A =14+ 23+ 22* + 325 + 628 + - - -

1 — 22 + 22 — 228
[ |
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Example 3-11 Find the number of n-digit binary sequences that have
the pattern 010 occurring for the first time at the nth digit.

Let a, denote the number of such sequences. There are 273
n-digit binary sequences that have 010 as the last three digits.
These sequences can be classified according to the digit at which
the pattern 010 occurs for the first time. There are a. sequences
in which the first occurrence of the pattern is at the nth digit and
a.—2 sequences in which the first occurrence of the pattern is at the
(n — 2)nd digit. [Notice that there can be no sequence among
these 27—3 sequences in which the first occurrence of the pattern is
at the (n — 1)st digit.] For 3 <r < n — 3, there are q,2% "3
sequences in which the first occurrence of the pattern is at the rth
digit, because to each of the a, r-digit sequences that have the
pattern 010 occurring for the first time at the rth digit,n — r — 3
digits can be appended arbitrarily. Therefore,

28 = @y + Gn2 + @n—32° + An_y2' + - - - + a32"®

The difference equation is valid for n > 6. Because ao, a,, a, are
not constrained by the difference equation, they can be chosen
arbitrarily. Let ap = a; = a; = 0. Let

B(x) =bo+ bix +bax? +bgx*+ - - - +b2"+ - - -
=14 224 2023 4 gt - - - f Qn—3gn . . .

x3
=1+x2+1—2zz:

We can rewrite the difference equation as
273 = a,bo + @n_1b1 + @n—2bs + -+ + aba_2 + a1bn_1 + aobn

Notice that the difference equation is now valid for n» > 3. It
follows that

2ﬂ—3x‘n —

;l,lMs

(anbO + @n_1b1 + an_sbs + - - -
3
+ a2bn—2 + albn—l + aobn)xn
B() — 1 — 2?2 = A(z)B(z) — aobo — (a1bo + acb1)z
- (azbo + aib, + aobz)x2

n=3

and

3
A(x)=1_2xj_x2_x3=x3+2x4+3x6+5x6+9x7+ c
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Notice that in this example B(z) is chosen in such a way
that the simple form A(z)B(zx) appears in the algebraic equation
relating the generating functions from which A(z) can be solved.
However, this is not the only way in which the function B(x)
can be chosen. For example, by considering all the n-digit binary
sequences, the last five digits of which are either 00010 or 10010 or
11010 (there are 3 X 25 such sequences), we obtain the difference
equation
3 X 25 =a, 4+ a3 + Q-4 + %—5(3 X 20) + an—6(3 X 21)

+ - +a83X2"8%) n>8
where, as before, a, is the number of sequences in which the pattern
010 occurs for the first time at the mth digit. Again, let a, =
a; = a; = 0. Let .

B(z) =1+ 2%+ 2% + bsa® + bez® + - © + b2+ - - -
=14+ 23+ 24+ 3(22% + 228+ - - - + 2% 8gn 4 - - )

The difference equation can be rewritten as

3 X 25 = a,by + @p_1bs + An_2zbs + - -+ + asbn_s

+ aibn—1 + aoba n =9
Thus,

B(x) — 1 — 23— z¢* = A(x)B(zx) — asr® — axt
= A(x)B(x) — z3 — 2z*

Solving for A (z), we obtain

As another possibility, we let b, be the number of sequences
of length n in which the pattern 010 occurs at the nth digit. In
this case, we have the difference equation

bn = @n + @n—3bs + An_sbs + - - - + a3bn_s n2=>6

Because ao, a1, az, b, by, by are not constrained by the difference
equation, we let ap = a; = a, =0 and by =1, b = b, = 0. We
can rewrite the difference equation as

bn = anbO + an—lbl + an—2b2 + an—3b3 + tt e + a3bn—3 + a2bn—2
+ albn—l + aobn n 2 3



A SPECIAL CLASS OF NONLINEAR DIFFERENCE EQUATIONS 79

Multiplying both sides of the difference equation by z» and sum-
ming from n = 3 ton = o, we have

B(z) — 1 = A(z)B(x)
Since B(z) has been found to be (1 — 2z + 22 — 23)/(1 — 2z +
22 — 2r%) in Example 3-10, solving for A4 (x), we obtain

1 1 =2z + 2® — 228 _ z?

A(x)=1_B(a:)=1 1 —2r+ 22 —23 1 —2z+ 2 — 23
[ |

The last choice of B(z) in the preceding example suggests a useful
formula for the solution of the first-occurrence problems. Let a, be
the number of n-digit sequences in which a particular pattern of p
digits occurs for the first time at the nth digit. Let b, be the number of
n-digit sequences in which the pattern occurs at the nth digit. By
choosing the unconstrained values as

QG =G =0 = *** =08y =0
bo=1 bi=by=- - =bpy =0

we see that the difference equation always leads to
B(xz) — by = A(z)B(x)

and

Az) =1 — F(lx“) (3-9)

Example 3-12 Find the number of n-digit binary sequences in which an
occurrence of the pattern 010 is followed by an occurrence of the
pattern 110. "Let ¢, be the number of such sequences. Let a, be
the number of n-digit binary sequences in which the pattern 010
occurs for the first time at the nth digit, and let b, be the number of

n~-digit binary sequences in which the pattern 110 occurs at least
once.
Clearly,

Cn = Q3bn_3 + @sbn_s + asbn_s + - - - + an_3b; n2>6

Let ao=a1=a2=0, bo=b1=b2=0, and Co = C1 = Cg =
- = ¢s = 0, since they are not constrained by the difference
equation. It follows that

L -]

E CZ" = z (@sbns + @sbn_g + agbp_s + - - - + an—3bs)z"

n=6 n=6
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and
C(z) = A(z)B(x)
According to the result in Example 3-11,

4 2
(=) 1 — 2z + 2% — 23

To find B(x), let us define d, as the number of n-digit sequences
in which the pattern 110 occurs at the nth digit for the first time,
and let do = d1 = d2 = (0. Then

bn=d3><2”_3+d4><2"_4+"‘+dn—1><2+dn n23
Consequently,
1
B(z) = D(x) T —5;
Using Eq. (3-9), we find D(z) to be
1 z8
D(z) = 1_l—l-:t:“/(l —2z) 1 -—2z+ z3
Therefore,
xd x8 1
Clx) = 1—2z4+22—231 — 2z + 281 — 22
xs
1 — 6z + 1322 — 1223 + 4zt + 25 — 328 + 227
=28+ 627+ 2328+ - - - W

3-5 RECURRENCE RELATIONS WITH TWO INDICES

For the combinations of distinct objects, we have derived in Example 1-2
the relation

Cny) =Cn—1,r—1) +Cn—1,r) (3-10)

This is an example of a recurrence relation with two indices. With the
boundary conditions C(n,0) = 1 and C(0,r) = 0 for r > 0, the recur-
rence relation is valid forn > 1 and r > 1. The value of C(n,r) can be
computed recursively. Thus,

C(0,0) = 1
c10 =1 €@1,1) = C0,0) + CO,1) =1
C20 =1 €21 =C10)+CL)=1+1=2

The reader may recall that the construction of the famous Pascal triangle
(Fig. 3-3) for the binomial coefficients is based on this recurrence relation.
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Figure 3-3

The general form of a linear recurrence relation with constant
coefficients that has two indices is

Coan,r + Clan,,_l + Czan,r_z + -
+ Do@n_1r + D1Gn_1r—1 + Dyln_1,-2 + - - -

+ ........................
+ Go@ni,r + Gran—kr—1 + GoOnr2 + - - - = f(n,r)
where the C’s, D’s, . . . , (’s are constants. As pointed out at the

beginning of this chapter, although it may be tedious, we can always
evaluate a, . using the recurrence relation and starting with the known
boundary conditions.

To solve a recurrence relation with two indices by the generating
function technique, we first define a sequence of generating functions with
one function for each value of one of the two indices; that is,

Ao(x) = @o0 + @01% + @o2x:+ - - + @ox" + - - -
Ai1(z) = a0+ a1+ a2+ - - - +aram+ - -

Now, we can also define a generating function of the sequence (A4,(z),

Ai(x),4:(x), . . .), that is, using powers of y as indicator functions, we
define

a(y,z) = Ao@) + 4:1(@)y + 4@y + - - - + Aa@)yr + - - -
= [@0,0 + @01 + ao2x® + - -+ + @ox" + - - ]
+ [a10 + @112 + @122+ - - - + a2+ - -y
+ lazo + @zt + age2® + - - - +agar + ¢ - Jy?
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Multiplying out, we have

C(y,x) = a@o0+ @01 + @022+ * - + a2+ - - -
+ aroy + aryx + ar2yx®+ - - - +ayrr + - -
+ as,0y?® + az1y%r + azy*x*+ - - - + ag .yt + - - -
B T T A
+ @0y + YT + Qnoy"z:+ - - -+ @yt + - -
B T T T AR
An alternative point of view is that for a sequence of two indices like
(@o,0,@0,1,@0,2, . - - B0y - - 01,0011 - - - ,81,r - . .), We Use T and ¥ as

formal variables and define the generating function of two variables,
G(y,z), as a function of z and y in which the coefficient of y'z7 is a; ;.
Let us consider the following illustrative examples.

Example 3-13 Find the generating function of the C(n,r)’s,
F.(x) = C»n,0) + C(n,)z+Cn,2)22+ - - - + Cn,r)ar+ - - -

From the recurrence relation in (3-10) we have
z C(n,r)z" = z Cln—1,r — 1ar + z C(n — 1, r)ar
r=1 r=1 r=1

Fu(z) — C(n,0) = 2Fn_1(z) + Faa(z) — C(n — 1, 0)
Fo(z) = (1 + 2)Fu()
It follows that
Fo(z) = (1 + 2)%Fn_e(z)
= (1 + 2)3F.5()

= (1 + 2)"Fo(z)
= (1 + 2)C(0,0)
=1+ z)»

which was derived in Chap. 2. m

Example 3-14 Find the number of r-combinations of n distinct objects
with unlimited repetitions. Denote this number by f(n,r). Let one
of the n objects be labeled as a special one. There are f(n, r — 1)
r-combinations in which this special object is selected at least once.
There are f(n — 1, r) r-combinations in which this special object is
not selected. Therefore,
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f(n,y) = f(n,r — 1) + f(n — 1, 7) n>1r2>1

Let

F.(z) = f(n,0) + f(n,1)z + f(n,2)z* + - - - + f(n)2r + - - -
for every n > 0. Thus,

S e = 3 g r — Dar+ Y S — 1, )z
r=1 r=1 r=1

F.(z) — f(n,0) = aFu(z) + Foa(z) — f(n — 1, 0)

With the boundary conditions f(n,0) = 1 for n > 0 and f(0,r) = 0
forr > 0,

F.x) =1 —=2)""F,1(x) =1 —2)"Fo(x) = 1 — )™

which again is a result derived in Chap. 2. =

Example 3-15 Find the number of n-digit binary sequences that have
exactly r pairs of adjacent 1’s and no adjacent 0’s. Notice that
every two successive 1’s are counted as a pair. Forinstance, there
are two pairsof adjacent 1’sin the sequence 111. Let a, . denote the
number of such sequences. Also let b,,, denote the number of such
sequences that have a 1 as the nth digit, and let ¢, , denote the num-
ber of such sequences that have a 0 as the nth digit. Clearly,

Anr = bn,r + Cn,r (3'11)

Since an n-digit sequence that has 7 pairs of 1’s, no adjacent 0’s, and
a 1 as the nth digit can be formed by appending a 1 either to an
(n — 1)-digit sequence that has r — 1 pairs of 1’s, no adjacent 0’s,
and a 1 as the (n — 1)st digit or to an (n — 1)-digit sequence that
has r pairs of 1’s, no adjacent 0’s, and a 0 as the (n — 1)st digit,
we have the relation

bn,r = bn—l,r—l + Cn—1,r (3'12)

Similarly, an n-digit sequence that has r pairs of 1’s, no adjacent
0’s, and a 0 as the nth digit can be formed by appending a 0 to an
(n — 1)-digit sequence that has r pairs of 1’s, no adjacent 0’s, and
a 1 as the (n — 1)st digit. Hence,

cn,r = bn—l,r (3_13)
Combining Eqgs. (3-12) and (3-13), we obtain
bn,r = bn—l,r—l + bn—2,r (3_14)
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Since the value of b;; has physical significance only for 7 > 1 and
J 2 0, we see that Eq. (3-14) is valid for n > 3 and r > 1. As to
the boundary conditions, we have

bno =1 forn > 1

because there is exactly one n-digit sequence that contains neither
adjacent 0’s nor adjacent 1’s and has a 1 as the nth digit, namely,
the sequence that consists of alternating 0’s and 1’s. We also have

b,j=0 fori<j

The value of by, is not constrained by the difference equation.
Let it be chosen as 1. Let

Bn(x) = bn,O + bn'1£l) + bn,2$2 + . o . + bn'rxr + .~ . .

Multiplying both sides of Eq. (3-14) by z* and summing from r = 1
to r = o, we obtain

i bnrxr = i br—1,—12" + i bn_a, "

r=1 r=1 r=1
which yields
Bn(x) — bao = xBn—l(x) + Bn—z(x) — ba—2,0 n >3

that is,
Bu(z) = £Bn_1(2) + Baa(z) n2>3 (3-15)

To solve Eq. (3-15), we observe first the following boundary
conditions:

Bo(x) = bo'o =1
Bl(x) = bl,o + b1,1x =1
Ba(z) = bao 4+ b1z + bz =1 4+ 2

Equation (3-15) yields

”Zs B.(z)y» = ”23 zB,_1(zx)y" + 'Z,s B, _s(x)y*

®(y,r) — B2(x)y? — Bi(z)y — Bo(z) = ry[®(y,x) — Bi(r)y — Bo(z)]
+ ¥ ®(y,x) — Bo(z)]
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that is,

By,x) — A+az)y*—y—1=zy[Ry,x) —y — 1] + yIB(y,x) — 1]
14+ (A —-2)y

(B(y7x) - 1 — Ty — y2

=1+y+ A+ + 0Q+2+ 2y
+ (1 + 2z + 2* + =%)y*
+ A +2z+ 32>+ 2% +2Y)ys + - - -

According to Eq. (3-13),

C(y,z) = y®(y,x)

by choosing ¢o,0 to be 0. Therefore,

a(y,r) = B(y,x) + C(y,z)
= (1+ Y)®B(z,y)
=142+ 2+ 2)y*+ 2+ 2z + 2%
+ 2 + 3z + 22 + z%)y*
+ 2+ 4z + 422 + 223 + 2yt + - - -

or

Ao(x) =1
A1(CC) = 2
As(z) =24+«

As(z) = 2 + 2z + 22
Ayz) = 2+ 3z + 222 + 28
As(x) = 2 + 4z + 42® + 22° + 24

Example 3-16 The number of r-permutations of n distinct objects,
P(n,r), satisfies the recurrence relation

P(ny) =Pn—-1,7r)+rPn—1,r—1) n>1r>1 (3-16)

P(n — 1, r) is the number of r-permutations in which a special
object does not appear and rP(n — 1, r — 1) is the number of
r-permutations in which the special object appears. Let

F.(z) = P(n,0) + P(n,1)z + P(n,2)2* + - - - + P(n,n)a" + - - -
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Then

i P(n,r)zr = E P(n — 1, r)z + E rP(n — 1, r — 1ar

r=1 r=1

F.(x) — Pn,0) =F,_1(z) — Pn—1,0) + =z ?d_a-: [xFn_1(2)]
that is,

Fu(@) = (1 + 2)Fans(@) + 2 5 Fusa(a)

With the boundary condition

Fy(z) =

this recurrence relation enables us to carry out a step-by-step
computation to yield

Fq(z) = (1+x)(1+x)+x2a%(l+x) =14 2z + 222

Fiz) =1+ 2)(1 4+ 2z + 22%) + xza% (1 4+ 2z + 2z?)
=1+ 3z + 622 + 628

That there is no closed-form expression for F,(z) was pointed
out in Sec. 2-3. (It was exactly for this reason that we introduced
the notion of exponential generating function.) Let us define

G.(z) = P(n 0)+P (" 1) +P(g'2) 2 +P(;z!,r)

xr+...

for every n > 0. Multiplying both sides of Eq. (3-16) by (1/r!)xr
and summing both sides from r = 1 to r = «, we obtain

< P(nr) ¢ P(n—1,7) _ ©rPh—1,r—1)
Z _Zl r! ‘”+z r! ?

re}

that is,

G.(x) — P(n,0) = Go_i(z) — P(n — 1, 0) + 2Gn_1(x)
which can be simplified to

Gu(r) = (1 4 2)Gos(z)

It follows that

Gn(2) = (1 + 2)*Go(z) = (1 + )

the result obtained previously in Chap. 2. =
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3-6 SUMMARY AND REFERENCES

We have seen in this chapter the solution of combinatorial problems
using the technique of recurrence relations. As was pointed out earlier,
such an approach is particularly attractive when a high-speed digital
computer is available for step-by-step computations. On several occa-
sions, we have observed the application of the enumerative techniques
developed in Chap. 2 and in this chapter to the solution of problems
which were solved in Chap. 1 through some tricky and less obvious
argument. It is hoped that such observations will help to develop the
reader’s perspective on various methods of solution. We also wish to
point out that a sequence can be represented either by its generating
function or by the corresponding recurrence relation. Instead of being
two disparate techniques, what we studied in Chaps. 2 and 3 are simply
different points of view of the same subject, the effective representation
and manipulation of sequences of events.

The subject of finite difference equations is by no means limited to
the study of enumerative theory. As a matter of fact, it is one of the most
important subjects in numerical analysis. (See, for example, Ralston
[6].) Corresponding to a differential equation, the solution of which is a
continuous function, there is a difference equation, the solution of which
is a discrete function. When a digital computer, which can handle only
discrete data, is used to find the approximate solution of a differential
equation, the differential equation is approximated by its corresponding
difference equation. It is therefore not a coincidence that a linear differ-
ence equation with constant coefficients has a homogeneous solution and
a particular solution just as does a linear differential equation with
constant coefficients. Also, we observe that corresponding to homo-
geneous solutions of the form Ae>* for linear differential equations with
constant coefficients, the homogeneous solutions for linear difference
equations with constant coefficients are of the form Aan.

For those readers who are familiar with the technique of using
Laplace transformation to solve linear differential equations with con-
stant coefficients, the analogy between the Laplace transform of a con-
tinuous function and the ordinary generating function of a discrete
function is brought out more clearly in this chapter.

Chapters 1 and 2 of Riodan [6] and Chap. 3 of Ryser [7] give a brief
account of the use of recurrence relations in solving combinatorial prob-
lems. There are many books on finite difference equations. For exam-
ple, see Levy and Lessman [3] and Milne-Thomson [4]. Also, see Chap. 3
of Hildebrand [2]. In probability theory, recurrence relations are used

in the study of random walk, recurrence events, and ruin problems.
See Chaps. 9, 13, and 14 of Feller [1].
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APPENDIX 3-1 UNIQUENESS OF THE SOLUTION
TO A DIFFERENCE EQUATION '

In Sec. 3-2, we show that the total solution a, = a® + aP satisfies the
linear difference equation with constant coefficients

Cotn + C1@n-1+ - - - + Cran—, = f(n) (3A-1)

We show next that the boundary conditions (the values of ao, a1, . . . ,
a,—1) determine the total solution uniquely. Suppose that both @, and a.
are solutions that satisfy the difference equation and the boundary
conditions. Because

Codn + C1@n—1 + - - - + Ciln—, = f(n)

and
Codn + Ci8n1+ -+ * + Cin = f(n)
we have
Co(@n — @n) + C1(@Gro1 — Gn1) + -+ - + Cr (Gpey — Gnr) =0
Let b, = G, — dn. Clearly, b, is a solution to the difference equation
Cbn + Cibnr + - - - + Coba, =0 (3A-2)
with the boundary conditions being by = by =b; = - - - = b,_; = 0.

It follows that, in a step-by-step computation based on the differ-
ence equation (3A-2) and the boundary conditions, b, = 0 for all n.
Therefore, we conclude that a, = a, for all n, and the solution to the
difference equation (3A-1) is unique.

We show next that the undetermined coefficientsin the homogeneous
solution can be determined uniquely by the values of ao, a1, . . . , @,-1.
There are two cases to be examined.
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Case 1 The characteristic roots are all distinct. In this case, the
homogeneous solution is

Ala’f + Aga; + R + A,a:'

To determine the coefficients A;, A, . . . , 4,, we solve the set of
simultaneous equations

A1+A2+ ¢ s +Ar=a0_a8p)
Alal + A2a2 + s s + Arar = q; — ai?)
e &
Aol + Asash 4 - - - + Ao = g, — 0
According to the theory of simultaneous linear equations, 41, 4,, . . . ,

A, can be solved uniquely if and only if the value of the determinant

1 1 1
Qi a: a,
2 2
o ol a,
—1 - —1
af of! al

is nonzero. This determinant is the famous Vandermonde determinant,
the value of which is equal to

(a1 — ag)(ar —a3) -+« (a1 — ) (a2 — ag)(az — aq) - -
(@2 — o) * * * (@1 — ) = H (s — o)

11S<tJ<r

1<j<r

Since all the a’s are distinct, the value of the determinant is nonzero.
It follows that the coefficients A;, A;, . . ., A, can be determined
uniquely.

Case 2 The characteristic roots are not all distinet. In this case,
the homogeneous solution is

(Amb? + Agnb=2 4 - - - + Ay n + Ay)al
+ (ApnPt + A nb 2 + - - - 4+ A+ Ag)od
+ - 4 (At 4 A g2 4 - - - + A, . m+ A)o}
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where ky, ks, . . ., k, are the multiplicities of the characteristic roots
ai, as, . . . ay respectively. To determine the A’s, we shall solve the
set of equations

0+0+ - +0+4,+ - +0+0+ - - +0+4,
= g¢ — a{P
A1+ A4+ - - - + A0+ Ar)ar + - -
+ (Ar—k,-{-l + Ar-—-k,+2 + ot + Ar—l + Ar)at =a — a{P)
(A12k1—1 + A ,2k—2 + - - Akl_lz + Akl)af + - -

+ (Af—kg+12k‘—1 + Ar—k,+22k‘—2 + e + Ar——12 + Ar)azt
= Qa2 — aé‘”
[Ai(r — 1)1 4+ Ay(r — DRm2 4 - - - + A a(r — 1) + A Joi™?

+ ot + [Ar—k‘+1(r - l)k'—l + Ar—k¢+2(r - l)k‘—2 + ct e

+ A, 4(r — 1) + Aot = a1 — 0P,
The value of the determinant

0 0 1
a1 a1 23]
Qk;i—142 2k—2q 2 ol
(r — Dl (r — Db2al™ - - of?
0 0 . e . 1
(273 ¢ tt e a
2k,—lat2 2k,—2at2 . .. at2
-1 r— - —1
(,. — l)k, la{ 1 (,. — l)k, 20‘:'_1 e . a;

is equal to

[ H (az)(g')][ H (a; — a,-)"-"‘i]

1<:i<t 1<J
1<i<t
1<i<t

Since the o’s are nonzero and assume distinct values, the coefficients A,
A, . . ., A, can be solved uniquely.

It should be pointed out that the values of r nonconsecutive a’s
might not determine the coefficients A’s uniquely. For instance, in
Example 3-2, that a; = 0 and as = 0 is not sufficient to determine the
coefficients in the homogeneous solution.
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PROBLEMS

3-1. (a) Find the ordinary generating functions of the sequences

0
0,12, 22 32 . .., k?
0,1%X3,2%X43X%X5,...,kkE+2)
1X2X3 2X3X4 ...,kk+1)FE+2)

e

(b) Evaluate the sums

1. 8y = k(k — 1)
IcZO
2 ;= Y k?
kzo
3 s = Y k(k42)
4 sy = z k(e + 1)k + 2)
k=0

3-2. A circle and n straight lines are drawn on a plane. Each of these lines intersects
all the other lines inside the circle. If no three or more lines meet at one point, into
how many regions do these lines divide the circle?

3-3. A circle is drawn on a plane, and n straight lines are then drawn one by one. The
first line passes through the circle. The rth line intersects only one of the other » — 1
lines inside the circle if r is odd and greater than 1. The rth line intersects all the
other » — 1 lines inside the circle if r is even. If no three or more lines meet at one
point inside the circle, into how many regions will » lines divide the circle, when n is
even? when n is odd?

3-4. Let a, be the number of incongruent triangles with integral sides and perimeter n.
(@) Show that

Gn = Gn_3 if n is even
—1)(n+1)/2
a,.=a,.-;+n+(41) if n is odd
(b) Find the ordinary generating function of the sequence (ao,ai,az, . . .).

3-5. (@) Show that the number of incongruent triangles whose sides are integral
numbers with the longest one equal to ! is

YA+ 1) if I is odd
£(1+2) if I is even

(b) Let f» be the number of triangles every side of which does not exceed 2n,
and let g, be the number of triangles every side of which does not exceed 2n + 1.
Find the expressions for f, and gn.
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3-6. In the limear resistance network shown in Fig. 3P-1, find the voltage v,.
Hint: Assume first that vo = 1.

2 vn-1 2 Un-2, (Vit2 2 vi+1, 2 v

(G AN\ AN\ 4§ AN~

( (
J J

Figure 3P-1
3-7. (a) How many n-digit binary sequences that have no adjacent 0’s are there?

(b) How many n-digit ternary sequences that have no adjacent 0’s are there?
3-8. The Fibonacci numbers are defined by the recurrence relation

fu =fn—1 +fn—2 n _>_ 2
together with the boundary conditions
fo=fHi=1

(a) Find the ordinary generating function F(z) = Z faz® of the sequence

n=0
(foyflrfb L -)-
(b) Let,

P@) = ) fums"

n=0
Qz) = i fan—1z™
n=1

Find P(z) and Q(z).
3-9. Define

n
XGOS
k=0

n—1
_ n+k
b = Z (2k+1) n2l
k=0

and ap = 1 and by = 0.
(a) Show that a, and b, satisfy the recurrence relations

Anyl = Qn + bn+l n 2 0
bn+1=an+bn n_>_0

(b) Find the ordinary generating functions of the sequences (ao,a1,az, . . .) and
(bo,b1,b2, . . .).

(¢) Express a, and b, in terms of the Fibonacci numbers.
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3-10. Let f(n,k) denote the number of ways of selecting £ numbers from the n» numbers
1,2 3, ..., nso that no consecutive numbers will be selected.

(a) Find a recurrence relation for f(n,k).

(b) With the boundary conditions f(n,1) = n and f(n,n) = 0, show that

fin,k) = (n B II: + 1) by induction.

(c) Let g(n,k) denote the number of ways of selecting £ numbers from the n
numbers 1, 2, 3, . . . , n so that no consecutive numbers will be selected. Here,
n and 1 are also taken as consecutive numbers. Express g(n,k) in terms of the f(n,k)’s
and use the result in part (b) to find g(n,k).

3-11. Let f, denote the number of nonoverlapping regions into which the interior of a
convex nm-gon is divided by its diagonals. Suppose that no three diagonals meet
at one point.

(a) Show that

fn__fn_1=(n—1)(ng2)(n-—3)+n_2 n>3

() Let F@@) = ), faz" and let fo=fi = fo = 0. Find F(z) and thus an
n=0

expression for f.
3-12. The Bernoulli numbers by, by, bs, . . . are defined by the recurrence relation

n
bn = z (:) b,._k n Z 1

k=0
together with the boundary condition
bo =1

(a) Compute bo, b, by, bs, by, and bs.

(b) Show that the exponential generating function of the sequence (bo,b,
by, . . .)isz/(e* — 1).
3-13. In how many ways can a convex n-gon be divided into triangles by noninter-
secting diagonals?
3-14. When a coin is tossed n times all possible outcomes can be represented by
sequences of heads (H) and tails (7T') of length n. A sequence of H’s and T"’s contains
as many patterns of HHTHH as there are nonoverlapping sequences of HHTHH.
The pattern HHTHH is said to occur at the nth toss, if the nth toss adds a new
HHTHH pattern to the sequence. A sequence of length n is acceptable if the
HHTHH pattern occurs at thenth toss. Let u, be the number of acceptable sequences
of length n.

(a) Find a recurrence relation for u,.

(b) Let uo = 1, and let U(z) = Z unz®. Find U(z).
n=0

(¢) Let f, be the number of sequences in which the pattern HHTHH occurs for
the first time at the nth toss. If fo = 0, find the ordinary generating function F(z)
of the sequence (fo,f1,fs, . . .).
3-15. Find the number of n-digit binary sequences in which the pattern 111 occurs
exactly twice with the second occurrence at the suffix. For example, the first and the
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fourth sequences in the following satisfy the condition, whereas the second and the
third sequences do not.

0011111010111
00 111 111 01 111
0011011011111
0110110111 111

3-16. Two players, A and B, gamble by tossing a coin which has probabilities p and q
to turn up head and tail, respectively. (p + ¢ = 1.) Initially, A has d dollars and B
has ¢t — d dollars. At each toss, A wins a dollar if the head shows and loses a dollar
if the tail shows. The game lasts as long as neither of the players is broke. Let
f(d,n) be the probability that A goes broke as a result of the nth toss.

(a) Find a recurrence relation for f(d,n). Also, determine the boundary con-
ditions f(0,n), f(t,n), and f(d,0).

(b) Let Fua(z) = E fdmn)zr. Find Fo(z), Fi(z), and a recurrence relation
n=0
for Fa(z).

(c¢) Solve the recurrence relation found in part (b) for Fa(z).

3-17. (a) Let u. be the number of binary sequences of length n in which a run of r
1’s occurs at the nth digit. Find a recurrence relation for u,.

(b) Find the ordinary generating function U(z) of the sequence (uo,u1,us, . . .).

(c) Let v, be the number of binary sequences of length n in which a run of p
0’s occurs at the nth digit. Find the ordinary generating function V (z) of the sequence
(vo,01,03, . . -

(d) Let w, be the number of binary sequences of length n in which either a run
of r 1’s or a run of p 0’s occurs at the nth digit. Find the ordinary generating func-
tion W (z) of the sequence (wo,w;,w,, . . .).

(e) Let ¢, be the number of binary sequences of length n in which a run of p
0’s occurs before a run of r I’s. Find the ordinary generating function 7'(z) of the
sequence (lo,l1,f2, . . .).

3-18. A coin is tossed 2n times. How many of the 22» outcomes have the number of
heads and tails equalized for the first time after 2n tosses?

3-19. (a) Find the number of binary sequences of length n that have the pattern 0101
occurring at the nth digit and have an even number of 0’s. Also find the number of
those that have an odd number of 0’s.

(b) Find the number of binary sequences of length n that have the first occur-
rence of the pattern 0101 at the nth digit and have an even number of 0’s. Also
find the number of those that have an odd number of 0’s.

3-20. A sequence of binary digits is fed to a counter at the rate of 1 digit/sec. The
counter is designed to register 1’s in the input sequence. However, it is so slow that it
is locked for exactly p sec following each registration, during which time input digits
are ignored.

(a) How many input sequences of length n would cause the counter to register
exactly r 1’s, finishing in the unlocked state?

(b) Let fa be the number of binary sequences of length n at the end of which the
counter is unlocked. Find a recurrence relation which f, satisfies, and find the
ordinary generating function of the sequence (fo,f1,f2, - - -)-

3-21. Find the number of binary sequences of length n that have exactly one pair of
consecutive 0’s.
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3-22. (a) Recall that there are S(r,n) ways to distribute r distinct objects into n non-
distinct cells with no cell left empty, where S(r,n) is the Stirling number of the second
kind. Using combinatorial arguments, show that S(r,n) satisfies the following
recurrence relation

¢

Sr+1,n) =8rn—1) +n8(rn) n>1

(b) Let Ga(z) be the ordinary generating function of the sequence (S(0,n),
S(1,n),8(2,n), . . .); that is, G,(z) = 2 S(r,n)z". Find a recurrence relation satis-

r=0
fied by G.(z). The boundary conditions are

1 r=0n=20
S(r,n)—{o =0,n>0 or r>0n=0

(c) From the recurrence relation in part (b) find G.(z). [Do not solve the
recurrence relation; try to obtain the general form for G,.(z) by observation.]
(d) Define

E@ = ) 86mY
r=0

which is the exponential generating function of the sequence (S(0,n),8(1,n),8(2,n),
. .). Show that

d—‘i E.(x) — nEn(z) = En_y(z) n>1

3-23. Let s(r,n) denote the Stirling number of the first kind which is defined by the
following equation where z is a formal variable:

T

2 srm)zr =2z(z —1) - - - (2 —r +1)

n=0
(a) Show that s(r,n) satisfies the recurrence relation
sr+1,n) =s8(r,n — 1) —r Xs(rn)

®) If E.(z) = z s(r,n)f—; is the exponential generating function of the

r=0
sequence (s(0,n),8(1,n),8(2,n), . . .), show that E,(z) satisfies the differential equation

(1 +2) & Bue) = Buns(o)

(¢) Find E.(z). The boundary conditions are $(0,0) = 1 and s(r,0) = 0 for
r # 0.



Chapter 4
The Principle of
Inclusion and Exclusion

4-1 INTRODUCTION

Let us motivate the subject of this chapter with a simple illustrative
example. In a group of ten girls, six have blond hair, five have blue
eyes, and three have blond hair and blue eyes. How many girls are there
in the group who have neither blond hair nor blue eyes? Clearly the
answer is

100—-6—-54+3=2

Since the three blondes with blue eyes are included in the count of the
six blondes and are again included in the count of the five with blue eyes,
they are subtracted twice in the expression 10 — 6 — 5. Therefore,
3 should be added to the expression 10 — 6 — 5 to give the correct count
of girls who have neither blond hair nor blue eyes.

The graphical representation in Fig. 4-1 shows very clearly the same
argument. The area inside the large circle represents the total number of
girls. The areas inside the two small circles represent, respectively, the
number of girls who have blond hair and the number of girls who have
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|
Figure 4-1

blue eyes. The crosshatched area represents the number of girls that
have both blond hair and blue eyes. This area is subtracted twice when
the areas of the two small circles are subtracted from the area of the large
circle. To find the area marked with vertical lines which represents the
number of girls who neither are blondes nor have blue eyes, we should,
therefore, compensate the oversubtraction by adding back the cross-
hatched area.

The extension of the logical reasoning in this example leads to a
very important counting theorem that is studied in this chapter. To
count the number of a certain class of objects, we exclude those that
should not be included in the count and, in turn, compensate the count
by including those that have been excluded incorrectly. The counting
theorem 1is called the principle of inclusion and exclusion.

4-2 THE PRINCIPLE OF INCLUSION AND EXCLUSION

Consider a set of N objects. Let a1, as, . . . , a, be a set of properties
that these objects may have. In general, these properties are not mutu-
ally exclusive; that is, an object can have one or more of these properties.
(The case in which these properties are mutually exclusive proves to be an
uninteresting special case, as will be seen.) Let N(a;) denote the num-
ber of objects that have the property ai, let N(a;) denote the number of
objects that have the property as, . . . , and let N(a,) denote the number
of objects that have the property a,. Notice that an object having the
property a; is included in the count N (a;) regardless of the other proper-
ties it may have. Thus, if an object has both the properties a; and a;, it
will contribute a count in N(a;) as well as a count in N(a;).

Let N(a;) denote the number of objects that do not have the prop-
erty a;, let N(a;) denote the number of objects that do not have the
property as, . . . , and let N(a.) denote the number of objects that do not
have the property a.. Let N(a;a;) denote the number of objects that have
both the properties a; and a;, let N(a;a;) denote the number of objects
that have neither the property a; nor the property a;, and let N(aa;)
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denote the number of objects that have the property a; but not the prop-
erty a;. Logically, we see that

N(a;) = N — N(a) (4-1)

because each of the N objects either has the property a; [accounted for in
N (a;)] or does not have the property a; [accounted for in N(a;)]. Also,

N(a;a;) = N(a;) — N(aa;)

because for each of the N(a;) objects that have the property a;, it either
has the property a; [accounted for in N (a:a;)] or does not have the prop-
erty a; [accounted for in N(a}a;)]. Using a similar argument, we have

N(a:a;) = N — N(awa;) — N(aia;) — N(aa;)
which can be rewritten as

N(aja)) = N — [N(aa) + N(aa)] — [N(aia;) + N(aa)] + N(aa)

= N — N(a:) — N(a)) + N(aia;) (4-2)
We now prove the following extension of Eqgs. (4-1) and (4-2):
N(aa; - - - a)
=N — N(a)) — N(az) — - - -+ — N(a))
+ N(a:as) + N(awas) + - - - + N(a,a,)
— N(aiaq:a;) — N(aiaza4) — - - - — N(a,_:a,.1a,)
+ ...........................

+ (—1)'N(awa: - - - a,)
N -3N@+ Y N@a)— Y Naao

1,7:87) 1,7,k %5 #k
+ o+ (C)N@as - - a) (4-3)

This identity, known as the principle of inclusion and exclusion, will
be proved by induction on the total number of properties the objects may
have. As the basis of induction, we have already shown that

N(a) = N — N(a,)

As the induction hypothesis, we assume that the identity is true for
objects having up to r — 1 properties; that is,

N(awa; - - - a/_,) =N — N(a)) — N(as) — - - - — N(a,)
+ N(a:a2) + N(aia3) + - - - + N(a,_20,-1)

+ (=D 'N(aaz - * - @,_1) (4-4)
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Now, for a set of N objects having up to r properties, a;, as, . . . , @,
we consider the set of N(a,) objects that have the property a,. Since
this set of objects may have any of the r — 1 properties ay, as, . . . ,
a,_1, according to the induction hypothesis,
N(aa; - - -+ a,_,a,)
= N(a,) — N(a1a,) — N (aza,) — * - - — N(a,_1a,)
+ N(aia:a,) + N(awasa,) + - - - + N(a,-:0,10,)
+ (—=1)™~N(a.a: * * * a,1a,) (4-5)
Subtracting Eq. (4-5) from Eq. (4-4), we obtain
N(ayay - - - a:—l) — N(alay - - - a’:-—la’r)
=N — N(al) — N(az) - - N(a,_l) - N(a,)
+ N(aias) + N(awas) + - - - + N(awa,) + - - -
+ N(a,_.a,)

+ (—=1)N(a:az - - - a,—1a,)
Since

N(awas - - - a,_,) — N(ajas - - - a,_ja,) = N(aja; - - - a,_,a;)

we have proved Eq. (4-3).
Example 4-1 is an analysis example illustrating the application
of the principle of inclusion and exclusion.

Example 4-1 Twelve balls are painted in the following way:

Two are unpainted.

Two are painted red, one is painted blue, and one is painted
white.

Two are painted red and blue, and one is painted red and white.
Three are painted red, blue, and white.

Let a1, a2, and a; denote the properties that a ball is painted red,
blue, and white, respectively; then
N(a)) = 8 N(a;) = 6 N(as) =5
N(alaz) =5 N(a1a3) =4 N(aza3) =3
N(a1a2a3) =3
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It follows that
N@aya}) =12 -8 —-6—-5+54+4+3—-3=2 m

Example 4-2 Find the number of integers between 1 and 250 that are

not divisible by any of the integers 2, 3, 5,and 7. Let a4, as, a3, and
as denote the properties that a number is divisible by 2, divisible
by 3, divisible by 5, and divisible by 7, respectively. Among the
integers 1 through 250 there are 125 (= 25%4) integers that are
divisible by 2, because every other integer is a multiple of 2. Sim-
ilarly, there are 83 (= the integral part of 2594) integers that are
multiples of 3 and 50 (= 259%) integers that are multiples of 5 and
so on. Letting [z] denote the integral part of the number z,

r250] 250

N(a)) = 5 = 125 N(ay) = 3 = 83
N(as) = %’ — 50 N(a) = rg_?_o‘ - 35
N(awas) = F2_2>'529'3’- -4 N(aas) = F%— = 25
N(aas) = F%- — 17 N(azas) = -%5(9-5-_ =16
N(asas) = Fgg%_ =11 N(azas) = F5—2%- =7
N(aiaqa3) = F2X23—__50_><—5_ =8 N(aia:a4) = F%—?- =5
N(aiasay) = Fi—%ﬂ— =3 N(azaszas) = '?T2§0>_<_7_ =2

N(@:a:050,) = :2 X 32>5<05 X 7] =1

Therefore, the number of integers that are not divisible by any of the
integers 2, 3, 5, and 7 is
N(ajasa3a;) = 250 — (125 + 83 + 50 + 35)

+ (414+254+17+4+164+114+7) —(8+5+3+2)+1=>57

Similarly, the number of integers that are not divisible by 2
nor by 7 but are divisible by 5 is

N(ajasa;) = N(as) — N(aia;) — N(asas) + N(a1a:as)
=50 —-25—-7+3
=21 m
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Example 4-3 Find the number of r-digit quaternary sequences in which
each of the three digits 1, 2, and 3 appears at least once. Let ai,
as, and a3 be the properties that the digits 1, 2, and 3 do not appear in
a sequence, respectively. Because

N(a)) = N(as) = N(a;3) = 37
N(aia;) = N(aias) = N(aqa3) = 2r
N(aiaza3) =1

we have
N(ajasa;) =4 —3 X 3r+3 X 2r — 1

This problem was solved in Example 2-12, and the reader is encour-
aged to compare the two methods of solution.
Notice that this problem is the same as that of distributing
r distinct objects into four distinct cells with three of them never
left empty. As a matter of fact, using the generating function
technique, we derived a formula for the number of ways of dis-
tributing r distinct objects into n distinet cells with no cell left
empty in Chap. 2. This formula can also be derived by the use
of the principle of inclusion and exclusion as follows: Let ai, a,,
. , @, be the properties that the 1st, 2d, . . . , nth cell is left
empty in the distributions of the r objects, respectively. Then,

n—1 n r —1)n n r
+ (-1 (n_1>1 + (—1) (n)o

= Zﬂ (—1)° (:") (n —7)"

which is exactly the result obtained in Sec. 2-4. m

Example 4-4 Consider a single ball that is painted with n colors. Let

ai, as, . . . ,a, denote the properties that a ball is painted with the
Ist, 2d, . . . , nth color, respectively. Since

N(a1)) = N(az) = - - - = N(a,) =1

N(aia:) = N(awas) = * - - = N(an_1a.) =1
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we have .

N(aja; - - - @a,) =1 — (?) +(g) e (—1)”(2)
However,

N(aa; - - - a) =0

because there is no unpainted ball. Therefore, we have the identity

=)o)

which was proved in Example 2-1. m

4-3 THE GENERAL FORMULA

In a set of N objects with properties a;, az, . . . , a,, the number of
objects that do not have any of these properties, N(aja; - - - a.), is
given by Eq. (4-3). In this section, we derive a more general formula
for the number of objects that have exactly m of the r properties for
m=20,1, ... ,r. Letusintroduce the notations

80=N
s1 = N(a) + N(s) + - - - + N(a,) = ZN(ai)

8 = N(aas) + N(awa3) + - + - + N(a,_a,) = Z N(a.a;)
idasi
83 = N(aia:a3) + N(ara:a4) + - - - + N(a,_.0,_1a,)
= 2 N (a;a;ax)
1.7,k =5 #k
8, = N(a.a, a,)
Also,
eo = N(ayaz - - - a:')
e1 = N(aaza; - - - a:) + N(aya05 - - - a:) + -
+ N(aja,a; - - - a)
es = N(aia:a; - - - a.) + N(aiajas - - - a) + - - -
+ N(ajasa; * - * a,_.a,)
es = N(aiasas - - - a) + N(awazaias - * - @) + -« - -
+ N(ajasa; * * * G,_3G,_1Gy)

e, = N(aias - - - a,)
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In other words, e; is the number of objects that have exactly ¢ properties.
With this notation Eq. (4-3) can be rewritten as

eo=8 —81+8— -+ (=1)s

We shall now prove the formula

3m=8m—(m:—1>sm+l+(m_2l-2>sm+2_ Tt

+ (=1 (,, M m) s (4-6)

form=0,1,2,...,r. Whenm = 0, Eq. (4-6) reduces to Eq. (4-3).

An object having less than m properties should not be included in
the count e,. Indeed, it contributes no count to the expression on the
right-hand side of Eq. (4-6).

On the other hand, an object having exactly m properties should be
included in the count e,. Indeed, it contributes a count of 1 to the
expression on the right-hand side of Eq. (4-6), since it is counted exactly
once in s, and is not included in the counts sui1, Smy2, . . . , 8.

An object having m + j properties with 0 < j < r — m should not

be included in the count e, either. Since it contributes (m; J ) counts

to Sm, (;?__'_I_‘{) counts t0 Smy1, . . . , and (Z __::;) counts to s,4j, the

total count it contributes to the expression on the right-hand side of Eq.
(4-6) is

(- CTYEDC1E -

_nifm iy (m -+
+ ”( j ><m+j)
Notice that

(m+k)(m+j)=(m+k)! (m + 7)!
k m+ k mkl  (m + 01 — k)1

__(m+ !
mlkl(j — k)|

_(m+)! g
mij! k(G — k)1

-(") )
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(-0 20 -
e ()
-0+ O]

Therefore, an object having more than m properties is not included in
the count e,, and Eq. (4-6) is proved.

Q. S

Example 4-5 In Example 4-1, s; = 19, s, = 12, and s; = 3. Therefore,

e1=19—(?)><12+(g>X3=19—24+9=4

ez=12—(:13)><3=12—9=3

ez =3 N

Let E(x) be the ordinary generating function of the sequence (e, e,
€2, . . ., €m - ..,e€). According to Eq. (4-6),

E) =e+er +ex?+ - - - +emx™+ - - - + e
=[so— 81+ 8 — -+ (=1)rs]

amQnr Qe ( 7))
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=80

+ sifz — 1]
+ 8o Fx“’—(?)x—l—l]
+ole =)=+ () 1)

= ¥ sz — 1) 47
Zos(x ) (4-7)

Setting z = 1, we obtain
E(1) =e+e1+e+ - - +e =8

This is, of course, a known result: The sum of the numbers of objects that
have no property, one property, . . . , r properties, is equal to N, which
is equal to so, the total number of objects. Also, observe that

BEQ) +E(-Dl=e+etet - =3[s+ Y (—2)i]
i=0
gives the number of objects having an even number of properties, and
BIELD) —E(-Dl=ertete+ - =L[s— Y (2]
i=0

gives the number of objects having an odd number of properties.

Example 4-6 Find the number of n-digit ternary sequences that have
an even number of 0’s. Let a; be the property that the <th digit of a
sequenceis 0,7 = 1,2, . . . ,n. Let ¢; and s; be defined as above

with 7 =0, 1, . .., n. Then since s; = (?) 37 with 7 = 0, 1,
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. , n, it follows that

eot+etet - =13+ .ZO (—2)1‘(’;) 3]

=4B"+B-2)=%@"+1) =

4-4 DERANGEMENTS

The rest of this chapter is devoted to the discussion of the applications
of the principle of inclusion and exclusion to several interesting problems.
Consider the permutations of the integers 1,2, . . . ,n. A permutation
of these integers is said to be a derangement of the integers if no integer
appears in its natural position; that is, 1 does not appear in the first
position, 2 does not appear in the second position, . . . , and n does not
appear in the nth position. In general, when each of a set of objects has
a position that it is forbidden to occupy and no two objects have the same
forbidden position, a derangement of these objects is a permutation of
them such that no object is in its forbidden position. To find the number
of derangements of n objects, the principle of inclusion and exclusion can
be used. Let a; be the property of a permutation in which the <th object

is placed in its forbidden position with ¢ =1, 2, . . . , n. It follows
that

N(a;)) = (n — 1)! i=1,2...,n

N(aia;) = (n — 2)! L,1=12 ...,n;05%]j

N(a.ajar) = (n — 3)! ,5,k=1,2 ...,n1#7#k

N (a1a; a,) =1
and
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Therefore, the number of derangements of n objects, which will be
denoted by d,, is

dn = N(dias - - - a,)
=n!—(q')(n—1)!+(g)(n—2)!— c
+ (=D (Z) (n — n)!

Observe that the expression in the square brackets is the truncated series
of the Taylor expansion of e~!. The value of this expression can therefore
be approximated very accurately by the value of ¢, even for a relatively
small value of n. For example, when n = 6, the exact value of the expres-
sion is 0.36806, and the approximated value is 0.36788.

The derangement of integers can be rephrased in many interesting
ways. For example, 10 gentlemen check their hats at the coatroom, and
later on the hats are returned to them randomly. In how many ways
can the hats be returned to them such that no gentleman will get his own
hat back? This is exactly the problem of permuting 10 objects (the
hats) so that none of them will be in its forbidden position (the owner).
Therefore, the number of ways of returning the hats is

dio = 1,334,961 ~ 10! X ¢!

For those readers who are familiar with the notion of probability, it can be
seen that the probability that none of the gentlemen will have his own hat
back is

.@N —1
101~ ¢

Note that this probability is essentially the same for 10 gentlemen as well
as for 10,000 gentlemen. Also, when there are 10 gentlemen, the prob-
ability is slightly higher than that when there are 9 or 11 gentlemen
because of the alternating signs in the expression for d,.

The number of derangements of integers can also be obtained by the
solution of a recurrence relation. Consider the derangements of the
integers 1, 2, . . . , n in which the first position is occupied by the integer
k (k > 1). If the integer 1, in turn, occupies the kth position, then there
are d,_, ways to derange the n — 2 integers 2, 3, . . . , k — 1, k + 1,

. , n. If the integer 1 does not occupy the kth position, then there
are d,_, ways to derange the integers 1,2, . . . ,k —1,k+ 1, ... ,n,
because in this case we can consider the kth position as the forbidden
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position for the integer 1. Since k can assume the n — 1 values 2, 3,
. , n, we have the recurrence relation

= (n — 1)(dn—1 + dns)

Clearly, the boundary conditions are d; = 1 and d; = 0. The difference
equation is valid for n > 2 if we choose the value of dy to be 1. The
difference equation can be rewritten as

dn - ndn—l = —[dn—l - (n - l)dn—z]
= —[—dn—2 + (n - 2)dn—3]

= (—1)?[d; — 2di]

= (=)
= (=D~
that is,
dn — ndy_y = (—1)" (4-8)
To solve this equation, let
D@ =do+Po+Par+Bar T

be the exponential generating function of the sequence (do, d1, dz, . . . ,
d., . . .). Multiplying both sides of Eq. (4-8) by z*/n! and summing
fromn = 2ton = «, we obtain

S G Y Mt Y
_n n=2

that is,

D(x) — dix — do — z[D(x) — do] =¢*— (1 — x)
or

—x

D(x) =

-

Recalling that 1/(1 — z) is the summing operator, we have
1,1 1
Let us now study the following illustrative examples.

Example 4-7 Let n books be distributed to » children. The books are
returned and distributed to the children again later on. In how
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many ways can the books be distributed so that no child will get
the same book twice? For the first time, the books can be dis-
tributed in n! ways. For the second time, the books can be dis-

tributed in d, ways. Therefore, the total number of ways is given
by

ay[1- gt g = ]~ e m

Example 4-8 In how many ways can the integers 1, 2, 3, 4, 5, 6, 7, §,
and 9 be permuted such that no odd integer will be in its natural
position? Applying the principle of inclusion and exclusion, we
have

o= (o Q- (o (- () -

As a matter of fact, for a set of n objects, the number of permuta-
tions in which a subset of r objects are deranged can be computed
by the formula

n! —({) (n — 1)!+(;) n—2)! — - - - +(“1)'<:) (n — 7)!

The number of permutations in which all even integers are in
their natural positions and none of the odd integers are in their
natural positions is equal to

1 1 1 1 1

Similarly, the number of permutations in which exactly four
of the nine integers are in their natural positions (exactly five
integers are deranged) is

C(9,5) X ds = 5,544

Consequently, the number of permutations in which five or
more integers are deranged is equal to

C(9,5) X ds+ C(9,6) X de + C(9,7) X dv + C(9,8) X ds
+ 0(9,9) Xdy m

4-5 PERMUTATIONS WITH RESTRICTIONS
ON RELATIVE POSITIONS

In our discussion about the derangement of objects, the forbidden
positions are absolute positions in the permutations. Moreover, each
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object has only one forbidden position and no two objects have the same
forbidden position. In this section, we study the case in which the
restrictions are on the relative positions of the objects, whereas in Sec. 4-7
we study the case in which an object may have any number of forbidden
positions and several objects may have the same forbidden position.
Consider the permutations of the n integers 1,2, . . . ,n. We wish
to find the number of permutations in which no two adjacent integers are
consecutive integers. In other words, the » — 1 patterns 12, 23, 34,
. , (n — 1)n should not appear in the permutations. Let a; be the
property that the pattern (¢ + 1) appears in a permutation, with ¢ =
1,2,...,n—1. Since

N(a)) = N(as) = - - - = N(a,—1) = (n — 1)!
it follows that

sl=(nI1)(n—1)!

Observe that
N(aiaz2) = (n — 2)!

because N(aiaz) is equal to the number of permutations of the n — 2
“objects” 123, 4,5, . . . , n, where 123 is considered to be bounded as
one object. Similarly, for1 <7< n — 1,

N(a:a;41) = (n — 2)!
Also observe that
N(aa3) = (n — 2)!

because N (aia;) is equal to the number of permutations of the n — 2
“objects” 12, 34, 5, 6, . . . , n, where 12 and 34 are considered to be
bounded as two objects. Similarly,forl1 <i<n —2and7+1<j <
n — 1,

N (a,-a,-) = (n - 2)'
Therefore,

N(aiaz) = N(aia3) = + - - = N(Gn_20,_1) = (n — 2)!

sz=(n;1)(n—2)!

Furthermore, it can be shown that

s,-=(nj—.1>(n—j)! i=012...,n—1
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from which we see that

n—1
— !
1 (n — 1)!

+ (” ;5 1) (=2 — - - + (=1 (Z - }) 11 (4-9)

Extension to the general case is immediate. Since restrictions on
the relative positions of the objects are equivalent to restrictions on the
appearance of a set of patterns, the enumeration of permutations with
restricted relative positions is the same as the enumeration of permuta-
tions in which none of a certain set of patterns can appear.

N, as . ..,a.1) =n! —

Example 4-9 Find the number of permutations of the letters a, b, ¢, d, e,
and f in which neither the pattern ace nor the pattern fd appears.
Let a; be the property that the pattern ace appears in a permutation,
and let a; be the property that the pattern fd appears in a permuta-
tion. According to the principle of inclusion and exclusion,

N(a;a;) =N — N(a1) - N(az) —|— N(alaz)
=6l —4! — 5! 43! =582 m

Example 4-10 In how many ways can the letters o, ¢, «, o, 8, 8, 8, v,
and v be arranged so that all the letters of the same kind are not in a
single block? For the permutations of these letters, let a; be the
property that the four o’s are in one block, let a; be the property
that the three 8’s are in one block, and let a; be the property that
the two +’s are in one block. Then,

9! 6 71 8 4 5 6l
N(010:03) = 773737 — (312! tTam T 413!) + (? Tyt 4_!) -3
=871 ®

*4-6 THE ROOK POLYNOMIALS

In this section, we discuss a seemingly unrelated topic—the problem of
‘“nontaking rooks.” It will be shown in Sec. 4-7 that the enumeration
of the ways of placing nontaking rooks on a chessboard is useful in count-
ing the number of permutations of objects when there are arbitrary
restrictions on the positions they can occupy. A rook is a chessboard
piece which ‘“captures” on both rows and columns. The problem of
nontaking rooks is to enumerate the number of ways of placing k rooks
on a chessboard such that no rook will be captured by any other rook.
For example, on a regular 8 X 8 chessboard, there are (trivially) 64 ways
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to place one nontaking rook. There are <§> P(8,2) = 1,568 ways to

place two nontaking rooks, since there are (g) ways to choose two rows

and then P(8,2) ways to choose two cells from the two rows for the rooks.
Obviously, we can put at the most eight nontaking rooks on the board
and there are 8! ways to do so.

Here, we generalize the problem in that we are interested in placing
nontaking rooks not only on a regular 8 X 8 chessboard, but also on
chessboards of arbitrary shapes and sizes. For example, Fig. 4-2 shows
a so-called ‘‘staircase’” chessboard. Clearly, for such a chessboard,
there are four ways to place one nontaking rook, three ways to place two
nontaking rooks, and no way to place three or more nontaking rooks.

Figure 4-2

For a given chessboard, let 7. denote the number of ways of placing k
nontaking rooks on the board, and let

R(zx) = Z Tk
k=0

be the ordinary generating function of the sequence (ro,ry,re, . . .,
Tk, . - .). R(zx) is the rook polynomial of the given chessboard. Notice
that R(x) is a finite polynomial whose degree is at most n, where 7 is the
number of cells of the chessboard, because it is never possible to place
more than n rooks on a chessboard of n cells. For the staircase chess-
board in Fig. 4-2, the rook polynomial is

R(x) =1+ 4z + 322

When there are several chessboards C,, C,, C; . . . under con-
sideration, let 7.(C1), :(Cs), re(C3), . . . denote the numbers of ways of
placing k£ nontaking rooks on the boards C,, C: C; ..., and let
R(z,C.), R(z,C:), R(x,C;3), . . . denote the rook polynomials of the
boards Cy, Cs, C3, . . . , respectively.

Suppose that on a given chessboard C, a cell is selected and marked
as a special cell. Let C; denote the chessboard obtained from C by delet-
ing the row and the column that contain the special cell, and let C.
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denote the chessboard obtained from C by deleting the special cell. To
find the value of 7.(C), we observe that the ways of placing k¥ nontaking
rooks on C can be divided into two classes, those that have a rook in the
special cell and those that do not have a rook in the special cell. The
number of ways in the first class is equal to r._1(C;), and the number of
ways in the second class is equal to r.(C.). We have then the relation

Tk(C) = Tk—l(Ci) + Tk(Ce)
Correspondingly, we have
R(z,C) = zR(z,C,) + R(z,C.) (4-10)

Equation (4-10) is called the expansion formula. The rook polynomial
of a chessboard of arbitrary shape and size can be found by the repeated
applications of the expansion formula.

Figure 4-3

Let a pair of parentheses around a chessboard be used to denote
the rook polynomial of the board. Thus, the expansion formula applied
to the chessboard in Fig. 4-3 can be written as

((4)- -(o)- ()

where the expansion is carried out with respect to the cell in the upper left
corner. Also

(H)- () ()

where the expansion is carried out with respect to the cell in the upper
right corner. Because

(@) (B)oes
( )=1 < >=1+zx+x2
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( ) =1+3x+ 2

As another example of the application of the expansion formula,
observe that

1t follows that

(B)- () (EP)-B) - P
wv(G) s 0 ()

= (x+x2) (1+2x) + (1 + 2x) (1 +3x + x2)

= 1+6x + 1022 + 443

If a chessboard C consists of two subboards C; and C; in which
no cell of one subboard is in the same row or in the same column of
any cell of the other subboard (C; and C, are said to be disjunct), then

R(z,C) = R(z,C1)R(z,C>) (4-11)

This result comes from the observation that the way rooks are placed
on C, is completely independent of the way rooks are placed on Co.
Therefore,

k
n(C) = 2 r(Cr(C)

and Eq. (4-11) follows. (Recall the definition of the product of two
ordinary generating functions in Sec. 2-7.)



PERMUTATIONS WITH FORBIDDEN POSITIONS 115

%4-7 PERMUTATIONS WITH FORBIDDEN POSITIONS

Consider the distribution of four distinct objects, labeled a, b, ¢, and d,
into four distinct positions, labeled 1, 2, 3, and 4, with no two objects
occupying the same position. A distribution can be represented in the
form of a matrix as illustrated in Fig. 4-4, where the rowscorrespond to the

Positions
1 2 3 4
a O
(7]
8 b O
2
8 ¢|O
d @)
Figure 4-4

objects, and the columns correspond to the positions. A circle in a cell
indicates that the object in the row containing the cell occupies the posi-
tion in the column containing the cell. Thus, the distribution shown in
Fig. 4-4 is as follows: a is placed in the second position, b is placed in the
fourth position, ¢ is placed in the first position, and d is placed in the third
position.

Since an object cannot be placed in more than one position and a
position cannot hold more than one object, in the matrix representation
of an acceptable distribution there will never be more than one circle in a
row or column. This is equivalent to placing nontaking rooks on a chess-
board, and therefore the problem of enumerating the number of ways of
distributing distinct objects into distinct positions is the same as that
of enumerating the number of ways of placing nontaking rooks on a
chessboard.

The notion of placing nontaking rooks on a chessboard can be
extended to the case where these are forbidden positions for the objects.
For example, for the derangement of four objects, the forbidden positions
are shown as dark cells in the chessboard in Fig. 4-5. It follows that the
problem of enumerating the number of derangements of four objects is
equivalent to the problem of finding the value of r, for the white chess-
board in Fig. 4-5. In general, the restrictions on the positions that
the objects may occupy can be quite arbitrary. For example, consider
the problem of painting four houses a, b, ¢, and d with four different
colors, green, blue, gray, and yellow, under the restriction that house a
cannot be painted with yellow, house b cannot be painted with gray or
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Positions
1 2 3 4

Objects

Figure 4-5

yellow, house ¢ cannot be painted with blue or gray, and house d cannot
be painted blue. This is a problem of permutations with forbidden
positions. The forbidden positions are shown in Fig. 4-6 as dark cells in

Green Gray
Blue Yellow

Figure 4-6

the chessboard. Again, the number of ways of painting the houses is
equal to the value of r4 for the white chessboard.

Once we have seen the equivalence between the permutation of
objects with restrictions on their positions and the placement of nontaking
rooks on a chessboard, it seems that this is the end of the discussion since
the problem of placing nontaking rooks on a chessboard has already been
studied in Sec. 4-6. However, there is an alternative viewpoint that
turns out to be more useful. Consider the permutation of n objects
with restrictions on their positions. Let a; denote the property of a
permutation in which the ¢th object is in a forbidden position (z = 1,
2, ..., n). Then the number of permutations in which no object is
in a forbidden position is

N@a; - --a)=e=nl—r X (n—D!4+7rX(Hn-—2)
4o
+ (=Dt X X1 4 (=1)» X r, X 0!

Y (1) X 15 X (1 = ! (4-12)
i=0



PERMUTATIONS WITH FORBIDDEN POSITIONS 117

where 73 is the number of ways of placing ¥ nontaking rooks on the dark
chessboard. Equation (4-12) is just the result of another direct applica-
tion of the principle of inclusion and exclusion, that is, since j of the
n objects can be placed in the forbidden positions in r; ways and the n — j
remaining objects can be placed in the » — j remaining positions arbi-
trarily in (n — 7)! ways, we have

si=1; X (n —j)!

Therefore, Eq. (4-12) follows from Eq. (4-6).
For the problem of painting four houses with four colors mentioned
above, since the rook polynomial for the board of forbidden positions is

R(z) = 1+ 6z + 1022 + 4x3
Eq. (4-12) gives
6o =4 —6 X3!+ 10X 2! —4 X1l =4

We can also compute the number of permutations in which exactly
m of the objects are in forbidden positions; that is,

m

em=rm><(n—m)!—< _ll_1>><7‘m+1><(n—m—l)!—|—---

+ (—1)"—'"( " m) X 74 X 0!

n
Also, according to Eq. (4-7),

n

E() = 2 si(x — 1)7 = E X (=0 X (x—1)
17=0 7=0

Because an object in a forbidden position is said to be a ‘“hit,” E(z) is

also called the hit polynomial. For the problem of painting four houses

with four colors, the hit polynomial is

E@z) =414+6 X3! X(xz—1)+10 X 2! X (z — 1)2
+4 X1 X@—-124+0X0! X (x—1)"
= 4 4 8r + 8x? + 423

Thus, there are four ways to paint the houses so that none of the houses
will be painted with forbidden colors, eight ways to paint the houses so
that exactly one of the houses will be painted with forbidden colors, and
so on. Notice that there is no way to paint all four houses with for-
bidden colors.

Example 4-11 Find the number of permutations of the letters «, «, 8,
B, v, and v so that no « appears in the first and second positions, no
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B appears in the third position, and no ¥ appears in the fifth and
sixth positions. Imagine that the «’s, 8’s, and 4’s are marked so
that they become distinguishable. The forbidden positions are
shown as dark cells in the chessboard in Fig. 4-7. The rook poly-

Figure 4-7

nomial for a 2 X 2 square chessboard is

1 + 42 + 222

The rook polynomial for a 2 X 1 rectangular chessboard is

14 22

The rook polynomial for the board of the forbidden positions is

(1 4+ 4z + 222)2(1 4 22) = 1 + 102 + 3622 + 562% + 36z* + 8z°
It follows that

eo = 6! —10 X 5! +36 X 4! — 56 X 3! +36 X 2! —8 X 1!
= 112

The fact that the objects are not all distinet merely introduces
a division factor 2! X 2! X 2!. Thus, we have

112

5T 21 X 21 — 14

as the number of ways of distributing the objects with none of them
in a forbidden position. m

4-83 SUMMARY AND REFERENCES

In a sense, the principle of inclusion and exclusion offers an indirect
approach to the solution of enumeration problems. Instead of computing
the exact count directly, we ‘“adjust” the count by alternately adding and
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subtracting appropriate terms according to the principle of inclusion and
exclusion. As illustrated by the examples in this chapter, such an
approach is often very powerful.

Discussion of the principle of inclusion and exclusion can also be
found in Chap. 3 of Riordan [3] and Chap. 2 of Ryser [5]. For further
details on rook polynomials and permutations with forbidden positions see
Chaps. 7 and 8 of Riordan [3]. Derangement of objects is also discussed
in Chap. 4 of Whitworth [6]. For an application in the theory of num-
bers that leads to a formula known as the Mobius inversion formula, see
Chap. 16 of Hardy and Wright [2]. A significant extension of the con-
cept of the Mobius inversion formula was carried out by Rota [4]. See
also Chap. 2 of Hall [1].

1. Hall, M,, Jr.: “Combinatorial Theory,”” Blaisdell Co., Waltham, Mass., 1967.

2. Hardy, G. H., and E. M. Wright: ‘“An Introduction to the Theory of Numbers,”
4th ed., Oxford University Press, London, 1960.

3. Riordan, J.: “An Introduction to Combinatorial Analysis,”” John Wiley & Sons,
Inc., New York, 1958.

4. Rota, G. C.: On the Foundations of Combinatorial Theory, I. Theory of Mbius
Functions, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 2:340-368 (1964).

5. Ryser, H. J.: “Combinatorial Mathematics,” published by the Mathematical
Association of America, distributed by John Wiley & Sons, Inc., New York,
1963.

6. Whitworth, W. A.: “Choice and Chance,” reprint of the 5th ed. (1901), Hafner
Publishing Company, Inc., New York, 1965.

PROBLEMS

4-1. In how many ways can three 0’s, three 1’s, and three 2’s be arranged so that no
three adjacent digits are the same in an arrangement ?

4-2. A man has six friends. He has met each of them at dinner 12 times, every two of
them six times, every three of them four times, every four of them three times, every
five twice, and all six only once. He has dined out eight times without meeting any
of them. How many times has he dined out altogether?

4-3. A symmetric expression in three variables z, ¢, and z contains nine terms. Four
terms contain the variable xz. Two terms contain the variables z, y, and z. One
term is a constant. How many terms contain the variables z and y?

4-4. Find the number of binary sequences of length 5 in which every 1 is adjacent
to another 1.

4-5. With three differently colored paints, in how many ways can the walls of a
rectangular room be painted so that color changes occur at (and only at) each corner?
With two colors?

4-6. Among the numbers 1,2, . . . , 500, how many of them are not divisible by 7 but
are divisible by 3 or 5?

4-7. Find the number of permutations of the letters «, o, o, 8, 8, 8, v, v, and y which
are such that no identical letters are adjacent.

4-8. Find the number of permutations of the 26 letters A, B, . . . , X, Y, Z that do
not contain the patterns JOHN, PAUL, and SMITH.
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4-9. When two indistinguishable dice are rolled n times:
(a) In how many ways can a pair of each of the six numbers show at least once?
() In how many ways can each of the pairs of 3’s, 4’s, 5’s, and 6’s show at
least once and either a pair of aces or a pair of deuces show at least once?

4-10. (a) 5n men, standing in a line, are from #n countries (five men from each country).
Show that the number of ways the line can be formed so that every man is standing
next to a countryman of his is equal to

120 [(2n)! - (’{) @n — 1) + (g) @n—2)! — .. 4 (=1)n (:) n!]

(b) Repeat part (a) with 4n men from n countries (four men from each country).

4-11. The Euler ¢-function of a positive integer n, ¢(n), is defined as the number of
positive integers less than or equal to n that are prime to n. Show that

ow =11 (1-3)
i=1

where p1, ps, . . . , Pm are all the distinct prime divisors of x.
4-12. Use a combinatorial argument to prove the identity

(n:;zl—-l = ”Em(—l)k(n—k-m)(n-—m—:c+r—l)
k=0

Hint: the number of ways to distribute r nondistinct objects into n distinct cells
r—1

. . n
leaving exactly m cells empty is equal to (m) (n cm—1)

4-13. Use a combinatorial argument to prove the identity

n — « m n—k
(D)= 507 e

n — . ..
Hint: ( ) is the number of ways to select » objects from n distinct ones
n—r

such that m special objects are always included in the selections.
4-14. Show that

T .
. m
i=m

where s, and e; are defined as in Sec. 4-3. What is the combinatorial significance of
this identity?

4-15. (a) Prove the identity
m-+r m+4+r m-+r . m+r
Ca)-Gi) (i) v ()
_fm+r—1
- m—1



PROBLEMS 121

(b) Let e>n denote the number of objects having m or more of r properties;
that is,

€>m = €ém +em+1 +em+2+ c ot +er

Prove that

1 2
32m=sm—< " )sm+1+(m+ >3m+2_<m+ )sm+3+"'
m—1 m—1 m—1
+ (= 1y (" - l)s,
m—1

4-16. Two professors in two different subjects are giving oral examinations to 12
students in the same hour. Each student shall be examined individually for 5 minutes
in each subject. In how many ways can a schedule be made up so that no student will
have to see both professors at the same time? Give an approximated value to the
answer.

4-17. (The Game of Rencontres) There are n balls, numbered 1,2, . . . , n, in an urn,
When the balls are drawn one by one without replacement from the urn, a rencontre
is said to occur if the ball numbered r appears in the rth drawing. Find the proba-
bility of at least one rencontre and the probability of exactly m rencontres. Give
approximated values of the probabilities.

4-18. The n integers 1, 2, . . . , n are arranged around a circle Let g, denote the
number of such arrangements in which no two adjacent integers are consecutive in
clockwise order (n and 1 are considered to be consecutive). Find an expression for
gn, and show that it satisfies the recurrence equation

gu+gn+1=dn n>1

4-19. (a) Show that the number of permutations of the n integers 1, 2, . . . , n in
which no two adjacent integers are consecutive in left-to-right order is equal to
dn + dn—l-

(b) If n and 1 are also considered as ‘‘consecutive numbers,” show that the
number of permutations of the n integers 1, 2, . . . , n in which no two adjacent
integers are ‘‘consecutive” is equal to ndn_;.

4-20. (The Permanent) Let A = [ai;] be an m X n matrix with m <n. Let A,
denote a matrix obtained from A by replacing r of the n columns of A by 0’s. Let
S(A,) be the product of the row sums of A, and ZS(4,) be the sum of the S(4,)’s over
all A.’s. Define the permanent of A, denoted by Per (4), as

Per (A) = Za1i,@s, - - - Gmip
where the summation extends over all m-permutations (¢3,%5 . . . ,im) of the n
integers 1, 2, . . . , n.

(a) Show that

- 1
Per (A) = ES(An—m) - (n I’f + ) z S(An—m+1)
n—m-+2 _fn -1
+ ( 2 ) ZS(An—m+2) - - + (—1) 1 <m _ 1) Z S(An—l)

Hint: Consider as the jth property of a term ai;,as;, - - - Gmi, that i = j
=12 ...,m).
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(b) Let I be the n X n identity matrix, and let K be the n X » matrix whose
entries are all 1’s. Show that
1. Per (K) = n!
2. Per (K — I) = dn, where d, is the number of derangements of n objects.

4-21. (a) A computer matching service has five male subscribers A, B, C, D, and E
and four female subscribers a, b, ¢, and d. After analyzing their personalities and
interests, the computer decides that a should not be matched with C and D, b should
not be matched with A and E, ¢ should not be matched with B and C, and d would
quarrel with E. Find the number of ways in which the subscribers can be matched.

(b) Since there are five boys and only four girls, one of the boys will be left with
no date. However, B is a good friend of the programmer who programs the computer
and sees to it that B is matched. In how many ways can the subscribers be matched ?

4-22. Find the rook polynomial R, (z) for the staircase chessboard shown in Fig. 4P-1.

l

P e, SO

m steps

Figure 4P-1

4-23. A pair of distinct dice are rolled six times. It is known that the combinations
1,2), (2,2), (3,2), (2,3), (3,3), and (4,4) did not appear. Find the probability that all
faces of the two dice have shown.

4-24. An arrangement of integers is said to contain a descent when an integer is imme-
diately followed by a smaller integer in the arrangement. For example, the arrange-
ment 52143 contains three descents.

(a) Find the chessboard for the restrictions in the enumeration of the number
of arrangements of the integers 1, 2, 3, 4, and 5 that contain no descent. The restric-
tion implied by the cell (7,5) in this chessboard is now interpreted as the integer : being
to the immediate left of the integer j in an arrangement, for 7 = j.

(b) Find the rook polynomial of the chessboard in part (a). Show that its
corresponding hit polynomial is the ordinary generating function that enumerates the
number of arrangements containing zero, one, two, three, and four descents, respectively.

4-25. (a) Use the expansion formula to show that the rook polynomial of an n X m
rectangular chessboard, R,,.(z), satisfies the recurrence relation

Rn.m(x) = Rn—l.m(x) + mRn—l.m—l(x)
(b) Show that

d;den-m(x) = nmRn—l.m—l(x)

(¢) If the cells in an n X m rectangular chessboard are forbidden positions for
the permutations of n elements (n > m), find the corresponding hit polynomial E(x).
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4-26. (Equivalence) (a) Let C, be a chessboard that has ! columns and at the most
n rows. Let C be an m X m rectangular chessboard. The chessboard C, + C is
defined as a board containing all the cells in C; and C arranged as in Fig. 4P-2. Let

lcolumns  m columns
P ey, PN D, P

n rows C C

Figure 4P-2

R(z,C,) = E rvz¥, and let R(z, C, + C) = E gxz®. Find g, and express it in terms
k k
of the ry’s.

(b) Two chessboards C, and C, are said to be equivalent if R(z,C,) = R(z,C,).
Show that if C; and C, are equivalent, C; 4+ C and C, + C are also equivalent.
4-21. (The Complement of a Chessboard) The complement C’ of a chessboard C with
respect to an n X m rectangular chessboard C,,. is defined as the chessboard that con-
tains all the cells that are in C,,» but not in C. (Assume that C has at the most n
rows and m columns.)

(a) Let rx and gx be the number of ways to place k nontaking rooks on a chess-
board C and its complement C’ with respect to C,,m, respectively. Show that

Q= (Z) P(mk) — r (’,: - i)P(m ~1,k—1)
+r2(1’: :g)P(m—2,k —2)— ... +(—1)kr,,<" Ek)P(m—k,O)

(b) Let R;,;(z) denote the rook polynomial of an 7 X j rectangular chessboard.
Show that the rook polynomial of C’, Q(z), can be expressed as

min [n,m] min [n,m]
Q@) = ) axt= ) (~DrietReim(@)
k=0 k=0

(¢) Let C and C’ be complementary chessboards with respect to an n X n
chessboard, and let E(z,C) and E(z,C’) be their hit polynomials. Show that

E@C) = o°E (}c C’)
E@,(C") = 2°E (% C)

4-28. (Triangular Chessboard) Let T,.(x) be the rook polynomial of an » X n tri-
angular chessboard as shown in Fig. 4P-3. We shall prove by mathematical induction
that

n

Toa(z) = E Sm+1,n+1— k)t (4P-1)
k=0

where S(z,7) is the Stirling number of the second kind.
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n rows <

e —————— N T ———
n columns
Figure 4P-3

(a) Basis of induction: Show that Eq. (4P-1) is satisfied forn = 1and n = 2.
m

(b) Induction step: Assume that T,(z) = Z Sm + 1, m + 1 — k)z* for
k=0
m <n — 1. Show that Eq. (4P-1) is true.

Hint: S(n + 1, k) = ,Z:o (’;) 8G, k — 1)

4-29. (The Ménage Problem) In the problem of enumerating the permutations of the
integers 1, 2, . . . , n which are such that the integer ¢ is not in positions s and 7 + 1
for i =12 ..., n —1 and the integer n is not in positions n and 1, the chess-
board for the forbidden positions is shown in Fig. 4P-4. The rook polynomial of this
chessboard is called the Ménage polynomial, which is denoted by M,(z).

1234 -+ n

Figure 4P-4

(a) Let Aj,_1(z) be the rook polynomial of a staircase chessboard containing an
odd number of cells, 2n — 1, as shown in Fig. 4P-5a. Let B,,(x) be the rook poly-
nomial of a staircase chessboard containing an even number of cells, 2n, as shown in
Fig. 4P-5b. Show that

Agn1(z) = 2420-3(x) + Bon-s()
Byn(z) = 2B3n_s(x) + Azn_1(z)
(b) With the boundary conditions
Ay() =142 Az(z) =1+ 3z + 22
By(z) =1 By(xz) =1+ 22
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n rows

W
n columns

(@ (b)
Figure 4P-5

show by mathematical induction that

n

Agns(z) = Z (an— k) o

k=0
n

By(z) = z (2n —kk + 1) ot

k=0

(¢c) Show that
Mn(x) = xAzn—3(x) + Azn—l(x)

(d) Find M,(z) and the corresponding hit polynomial.



Chapter b
Polya’s Theory
of Counting

5-1 INTRODUCTION

Consider the problem of counting the number of 2 X 2 chessboards that
contain black and white cells. Clearly, there are 2¢ such chessboards as
shown in Fig. 5-1. However, if the four sides of a chessboard are not
marked and one side cannot be distinguished from another, then there
are chessboards that become indistinguishable from other chessboards
after being rotated by 90, 180, or 270°. The reader can check that in
this case, chessboards Cs, C3, C4, and C;; chessboards Cg, Cs, Cy, and Cyy;
chessboards C; and Cyo; and chessboards Cyz, C13, C14, and Ci;5 are indis-
tinguishable under rotations. In a sense that will be defined precisely
later, chessboards C,, C;, C4, and Cs are said to be ‘“‘equivalent,” as are
chessboards Cs, Cs, Cy, and Cy;; chessboards C; and Cyo; and chessboards
C1s, Ci13, C14, and Cy;. Therefore, among the 16 chessboards shown in
Fig. 5-1, there are only six “nonequivalent’’ ones.

Suppose that we are not interested in the black-and-white patterns
of the chessboards but are only interested in the contrast patterns;
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Cie

Ci3

Figure 5-1

that is, chessboards C, and C;¢ have the same contrast pattern, chess-
boards C; and C;s; have the same contrast pattern, and so on. With
rotations of the chessboards also allowed, the reader can check that there
are only four nonequivalent contrast patterns. In this chapter we shall
study the theory of enumerating nonequivalent objects from a point of
view first developed by Pélya in 1938.

@5-2 SETS, RELATIONS, AND GROUPS

In this section some of the basic notions and terminologies in algebra
that are used throughout this chapter are introduced.

A set is a collection of distinct elements (objects). We shall use an
uppercase Roman letter to denote a set and the notation S = {a,b,c,z,2}
to denote a set § that contains the elements a, b, ¢, z, and 2. Notice
that there is no ordering among the elements in a set. Thus, {a,b,c}
and {c,b,a} denote identically the same set. Also, since the elements
in a set are all distinct, {a,a,b,c} is a redundant representation of the set
{a,b,c}. The empty or null set, denoted by ¢, is a set that contains no
elements. A set T is said to be a subset of another set S if every element in
T is also an element in S. For example, {a,b,z} is a subset of {a,b,c,z,2},
but {a,b,y} is not. Notice that every set is, trivially, a subset of itself.
A set T is said to be a proper subset of S if T is a subset of S but there is at
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least one element in S that is not in 7. We write a € S to mean that
a 1s an element in the set S, and T C S to mean that T is a subset of S.
Also, |S| denotes the number of elements in the set S. A set is said to be
a k-set if it contains k elements.

Let A and B be two sets. The union of A and B, denoted by
A U B, is the set that contains the elements in A and the elements in B.
For example, {a,b,c,d} \J {a,d,e,j} = {a,b,c,d,e,j}. The intersection of A
and B, denoted by A M B, is the set that contains the elements that are
in both A and B. For example, {a,b,c,d} N {a,d,e,j} = {a,d}. The
difference of A and B, denoted by A — B, is a set that contains the ele-
ments that are in A but not in B. For example, {a,b,c,d} — {a,d,e,j} =
{b,c}. The ring sum of A and B, denoted by 4 @ B, is the set that con-
tains the elements in A and the elements in B which are not in the inter-
section of 4 and B. For example, {a,b,c,d} @ {a,d,e,j} = {b,ce,j}.

A partition on a set is a subdivision of all the elements in the set
into disjoint subsets. In other words, a partition on a set is a collection
of subsets of the set such that every element in the set is in exactly one of
the subsets. For example, {{a,b,x},{d},{c,2}} is a partition on the set
{a,b,c,d,z,2}.

An ordered pair is an ordered arrangement of two (not necessarily
distinct) elements. We use the notation (a,b) for an ordered pair that
contains the elements a and b, arranged in that order. Thus, (a,b) and
(b,a) are two different ordered pairs. The cartesian product of two sets
S and 7', denoted by S X T, is the set of all ordered pairs (z,y) in which
zisin Sand yisin T. For example,

{a,b,C} >< {1’2} = {(ail)’(aiz)’(b’l))(b,2)’(071)7(c’2)}

A binary relation between two sets S and T is a subset of the ordered
pairs in the cartesian product S X T. For example, {(a,1),(a,2),(c,2)}
is a binary relation between the sets {a,b,c} and {1,2}. For an ordered
pair like (a,2) in the relation, we say that the element a is related to the
element 2. A binary relation between two sets can be represented in
the form of a matrix. For example, Fig. 5-2 shows a representation of
the relation {(a,1),(a,3),(b,4),(d,2),(d,4)} between the sets {a,b,c,d} and

»

1 2 3 4 5

ol /| |V
b J

a |V |V

Figure 5-2
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{1,2,3,4,5}. A check mark in a cell indicates that the element identifying
the row that contains the cell and the element identifying the column that
contains the cell are related. A binary relation on a set S is a binary
relation between the set S and itself. For example, {(a,a),(a,c),(b,a),
(b,c),(c,b)} is a binary relation on the set {a,b,c}.

A binary relation on a set is called an equivalence relation if the
following conditions are satisfied:

1. Every element in the set is related to itself (reflexive law).

2. For any two elements a and b in the set, if a is related to b, then b is
also related to @ (symmetric law).

3. For any three elements a, b, and c in the set, if a is related to b and
b is related to ¢, then a is also related to ¢ (transitive law).

For example, the binary relation shown in Fig. 5-3a is an equivalence
relation, whereas the binary relation shown in Fig. 5-3b is not. As

a b ¢ d e a b ¢ d e
o V|V o V|V
o| V[V ol |V

v
el V| |V

€) (b)
Figure 5-3

NSNS
NSNS
NSNS
|,
NSNS

another example, we define a binary relation on a group of people which
is such that for two persons a and b, a is related to b if and only if a is
from the same family as b is. The reader can verify that this relation is
an equivalence relation.

Given an equivalence relation on a set S, we can divide the elements
of S into classes such that two elements are in the same class if and only
if they are related. These classes of elements are called the equivalence
classes into which the set S is divided by the equivalence relation. Notice
that every element is in one of the equivalence classes because it can at
least be in a class by itself, according to the reflexive law. The symmetric
law ensures that there is no ambiguity regarding membership in the equiv-
alence classes. (If the relation is not symmetric, we might encounter
the difficult situation where a is related to b but b 1s not related to a.)
Finally, because of the transitive law, no element can be in more than one
equivalence class. Therefore, we say that an equivalence relation on a
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set Induces a partition on the set in which the disjoint subsets are the
equivalence classes. For example, the partition induced by the equiv-
alence relation on the set {a,b,c,d,e} shown in Fig. 5-3a is {{a,b},{c,d,e}}.
Two elements are said to be equivalent if they are in the same equivalence
class.

A (single-valued) function from a set S to a set T is a binary relation
between the sets S and 7 which is such that every element in S is related
to exactly one element in T. For example, {(a,2),(b,1),(c,2)} i1s a func-
tion from the set {a,b,c} to the set {1,2}. The set S is called the domain
of the function, and the set T is called the range of the function. Let f
denote a function, and let (a,2) be an ordered pair in the function. We
shall write f(a) = 2 to mean that a 1s related to 2 by the function f. We
say that 2 1s the value (or tmage) of a under the function f, and also that f
maps a into 2. A function is a one-to-one function if every element in the
domain has a unique image. A function is an onto function if every ele-
ment In the range 1s the image of at least one element in the domain.
For example, Fig. 5-4a shows an arbitrary function, Fig. 5-4b shows a
one-to-one function, and Fig. 5-4¢ shows an onto function.

1 2 3 a4 1 2 3 4 5 1 2 3 4
a J a J o] /
b J | b J

(@) (b) (5
Figure 5-4

A binary operation on a set S is a function from the set S X S to a
set T. For example, Fig. 5-5a shows a binary operation on the set

1 2 3

(a,a) J

(a,b) \/ * a b

G| al 1] 2

(b,b) J bl 1|3
€) (b)

Figure 5-5
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S = {ab} with T = {1,2,3}. An alternative way of representing a
binary operation is shown in Fig. 5-5b. In that representation the value
of an ordered pair under the binary operation is placed in the cell that
is in the row corresponding to the first element of the ordered pair and
is in the column corresponding to the second element of the ordered
pair. Instead of the functional notation, we shall also let * denote a
binary operation and let a * b denote the value of the ordered pair (a,b)
under the binary operation. For example, in Fig. 5-5a (and Fig. 5-5b),
we see that a *a = 1 and a *b = 2. A binary operation on a set S is
said to be closed if it i1s a function from the set S X S to the set S.

A set S together with a binary operation * on the set S is said to
form a group if the following conditions are satisfied:

1. The binary operation * is closed.
2. The binary operation * is associative; that is, for any a, b, ¢ in S,

(a*b)*c=ax*(b=*c

3. There 1s an element ¢ in S which is such that a * ¢ = a for every ain S.
This element is called an wdentity element of the group.

4. For any element a in S, there is another element in S, denoted by a—!
and called an inverse of a, which is such that a * a=! = e.

As an example, Fig. 5-6 shows the binary operation for a group con-
sisting of the five elements 0, 1, 2, 3, and 4. Notice that 0 is an identity

* 0 1 2 3 4

ojo|1}12(|3}]4

111 12]3}4|0

221 3(4]0}|1

313|]4]|]0]1]| 2

4141012} 3
Figure 5-6

element, an inverse of the element 0 is 0 itself, an inverse of the element 1
is 4, and so on. Some of the basic properties of a group follow:

1. If b is an inverse of a, then a is an inverse of b. If bis an inverse of a,
axb=e¢ That gives b*x(a*b) =b*xe =0b. Let b~! denote an
inverse of b. We have (b * (a *b)) *b~* = b xb~1. Since

bx(@x*b)*b!=bx(a*x(b*b) =bx(a*xe) =bx*a

and b *b~! = ¢, we have b *a = ¢. Therefore, a is an inverse of b.
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2. For every a in S, e *a = a. According to property 1, a='xa = e.
Thus, a * (a~* *a) = a *e. However,

a*(@l*a) =(a*xa)*xa=¢ex*xa

Therefore, e *a = a * ¢ = a.

3. The identity element is unique. Suppose there are two elements e,
and e; such thata *xe; = aanda *e; = a;thatis,a *xe; = a * e, or
a~l* (a *e1)) = a! * (a * e;), which simplifies to e; = e..

4. The inverse of any element is unique. Suppose there are two elements
b and ¢ such that a *b = ¢ and a *x¢c = ¢; that is, a *b = a * ¢,
or a—!* (a *b) = a!* (a * ¢), which simplifies to b = c.

5-3 EQUIVALENCE CLASSES UNDER A PERMUTATION GROUP

A one-to-one function from a set S to itself is called a permutation of
the set S. We use the notation <zzz2) for the permutation of the set

{a,b,c,d} that maps a into b, b into d, ¢ into ¢, and d into a; that is, in the
upper row the elements in the set are written down in an arbitrary order,
and in the lower row the image of an element will be written below the
element itself. Notice that the notion of a permutation of a set is
the same as that discussed in Chap. 1, namely, an arrangement of a
set of objects.

Let w1 and w2 be two permutations of a set S. The composition of
and m,, denoted by mims, is the successive permutations of the set S, first

according to m» and then according to v;. For example, let m; = (ZZZ%)

and wy = (ZZ%) be two permutations of the set {a,b,c,d}. Then

TImy = (gf;i) Notice that mirs maps a into d since v, maps a into b

and r; maps b into d, and so on.

We see immediately that the composition of two permutations is
also a permutation. Let wy and »: be two permutations of the set
S = {a,be, . . . ,z,y,2}. To show that mr, is also a permutation of
the set S, we have only to show that no two elements in S are mapped
into the same element by mr,. Suppose that v maps the element a
into b and m; maps the element b into ¢. s will then map the element
aintoc. Letz be any element distinct from a. Since 7. is a permutation
of the set S, m2 maps x into an element that is distinct from b, say y.
Similarly, =1 maps y into an element that is distinct from ¢, say 2. We
conclude that mr, always maps two distinct elements (for example,
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a and z) into two distinct elements (for example, ¢ and z) and is, there-
fore, a permutation of the set S.

Notice that the composition of permutations is noncommutative;
that is, in general wury  momry.  This is illustrated by the fact that for

_ (abcd drs = abed _ [abcd and _ {abcd
T = \adbe) 2" ™ = \bacd) ™ = \dabe T = \bdac)’

However, the composition of permutations is associative; that is, for
any permutations m, 72, and 7; of a set, we have (mma)m; = m1(mwoms).
This fact can be seen as follows: Suppose r; maps a into b, 2 maps b into ¢,
and 7, maps ¢ into d. Since 7w, maps b into d, (ryre)7; maps a into d.
Similarly, since ror; maps a into ¢, 71(wer;) maps a into d. For example,

let
__ (abcd __ [abcd __ (abcd
T = \adbe T2 = \bacd T = \bdac

Then
abcd\ (abed) | (abed abed\ {abed abcd
(ruma)ms = [(adbc) (bacd)] (bdac) - (dabc) (bdac) - (acdb)
_ (abcd [(abcd) (abcd)] B (abcd) (abcd) _ (abcd)
mmams) =\ aabe) | \vaca) \bdac) | = adbe) \adbc) ~ \acdb

LetG = {my,ms, . . .} be aset of permutations of a set S. Then Gis
said to be a permutation group of S if G and the binary operation of
composition of permutations form a group. In other words, according to
the definition of a group given in Sec. 5-2, the following conditions should
be satisfied:

and

1. I?’ w1y and 7, are in @, then mm, is also in G.

2. The binary operation, composition of permutations, is associative.
However, this is known to be true. .

3. The identity permutation that maps each element into itself, for

example, (Zzg), is in G@. (Note that the identity permutation is

the only permutation among all the permutations of a set that can
be the identity element of the group.)

4. For every permutation m; in G, there is a permutation w2, which is
such that myr, is the identity permutation.

As an example, the reader can verify that

o= (@) () ()}

is a permutation group of the set {a,b,c}.
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Let G be a permutation group of a set 8 = {a,b, . . .}. A binary
relation on the set S, called the binary relation induced by G, is defined
to be such that element a is related to element b if and only if there is a
permutation in G that maps a into b. For example, let

Q= abcd\ f(abcd\ [abcd\ (abcd
~ |\abcd )’ \bacd )’ \abdc)’ \badc
The binary relation induced by @ is shown in Fig. 5-7.

a b ¢ d

o| /| V
0| V|V
¢ JIV
d VIV

Figure 5-7

Theorem 5-1 The binary relation on a set induced by a permutation group
of the set is an equivalence relation.

Proof Let G be a permutation group of the set S = {a,b, . . .}.

1. Since the identity permutation is in G, every element in S 1is
related to itself in the binary relation on S induced by G.
Therefore, the reflexive law is satisfied.

2. If there is a permutation my in G' that maps a into b, the inverse
of 7, which is also in ¢, will map b into a. Therefore, the
binary relation on S induced by ( satisfies the symmetric law.

3. If there is a pernfutation =, mapping a into b and a permutation
w2 mapping b into ¢, the permutation mwri, which is also in G,
will map ainto ¢. Therefore, the binary relation on S induced
by @ satisfies the transitive law. m

After these preparations, we are now ready to prove a theorem due
to Burnside. Given a set S and a permutation group G of S, we wish
to find the number of equivalence classes into which S is divided by
the equivalence relation on S induced by G. This problem can be
solved most directly by finding the equivalence relation and then count-
ing the number of equivalence classes. However, when the set S con-
tains a large number of elements, such counting becomes prohibitively
tedious. Burnside’s theorem enables us to find the number of equiv-
alence classes in an alternative way by counting the number of elements
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that are invariant under the permutations in the group. An element
is said to be 7nvariant under a permutation, or is called an invariance, if
the permutation maps the element into itself.

Let us return to the example of 2 X 2 chessboards in Sec. 5-1 to
see why we are interested in counting the number of equivalence classes
into which a set is divided by the equivalence relation on the set induced
by a permutation group. Observe in Fig. 5-1 that when the chessboards
are rotated clockwise by 90°, C; remains as C;, C; becomes C3;, C; becomes
C4, C4 becomes C;, Cs becomes Cs, Cs becomes Cy, C7 becomes Cyq, and so
on. As a matter of fact, a 90° rotation amounts to a permutation of the
chessboards since no two chessboards will become the same after the
rotation. Let =, denote such a permutation of the chessboards. We
have

o= (010203040506070809010011012013014015016)
! 010304050209010060110708015012013014016

Similarly, corresponding to a 180° clockwise rotation and a 270° clock-
wise rotation of the chessboards, there are the permutations =, and ;.
Thus,

g (010203040506070809010011012013014015016)
? 010405020301107090801006014015012013016

e = <01020304CSCGC7CSCQCIOCI 101201301401501 6)
: 010502030408010011060709013014015012016

Let =4 be the identity permutation. Thus,

Ty = (01020304050GC7CSC9010011012013014CI5016)
! CIC2C3C4C5CGC7CSC9CIOC11012013014015016

which corresponds to a 0° rotation. It can be shown that G = {mry,=.,
m3,ma} 1S & permutation group of the set of 2 X 2 chessboards. In the
equivalence relation induced by G, we see that C, is related to C; (since
maps C: into C;), C: is related to C,4 (since 72 maps C: into Cy), C; is related
to C;s (since 73 maps C: into C;), and C: is related to C, (since 74 maps C,
into Cs). Therefore, C2, C;, C4, and C; are in the same equivalence class,
which means that they become indistinguishable when rotations of the
chessboards are allowed. It follows that the number of equivalence
classes into which the chessboards are divided by the equivalence relation
induced by G is the number of ‘“‘distinct’’ chessboards. Here, two chess-
boards are distinct if one cannot be obtained from another through
rotation. As shall be seen, there are many similar situations in which
objects become equivalent under some classification which corresponds
to the equivalence relation induced by a permutation group. In such
cases, the enumeration theory developed in this chapter can be applied.
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Theorem 5-2 (Burnside) The number of equivalence classes into which
a set S vs divided by the equivalence relation induced by a permutation
group G of S s given by

1
1G] z Y(r)
»~€Q@

where Y(r) is the number of elements that are tnvariant under the permu-
tation .

So that we can appreciate more the meaning of Theorem 5-2, let us
illustrate its application before proceeding to the proof.

Example 5-1 Let S = {a,b,c,d}, and let G be the permutation group

nsistin £ _ abed _ (abcd _ [abcd and _
consisting O M1 = \gbed) ™ = \bacd)’ ™ = \abdc)’ =

(ZZ%) The equivalence relation on S induced by @ is shown in

Fig. 5-7. Clearly, S is divided into two equivalence classes, {a,b}
and {c,d}.

Since ¢(r1) = 4, ¥(w2) = 2, Y(m3) = 2, and ¢(7y) = 0, accord-
ing to Theorem 5-2, the number of equivalence classes can be com-
puted as

@A+2+2+0)=2 =

Proof of Theorem 6-2 For any element s in S, let 5(s) denote the
number of permutations under which s is invariant. Then

Y ¥ = 3 1)
S

~=d S

because both E ¢(m) and z 7(8) count the total number of invari-
r=ci sES

ances under all the permutations in G. [One way to count the

invariances is to go through the permutations one by one and count

the number of invariances under each permutation. This gives

z ¥(m) as the total count. Another way to count the invariances
rcQ

is to go through the elements one by one and count the number of
permutations under which an element is invariant. That gives
z n(s) as the total count.]
8ES

Let a and b be two elements in S that are in the same equiva-
lence class. We want to show that there are exactly n(a) permuta-

tions mapping a into b. Since a and b are in the same equivalence
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class, there is at least one such permutation which we shall denote by
.. Let {wyms,ms, . . .} be the set of the n(a) permutations under
which @ is invariant. Then, the 7n(a) permutations in the set
{m 1, mome,mms, . . .} are permutations that map a into b. First,
we see that these permutations are all distinct because, if m,m; = 7,
we have

w5 (ram1) = 77 (mamo)

This gives w1 = m,, which is impossible. Secondly, we see that no
other permutation in G maps aintob. Supposethat thereisa permu-
tation r, that maps a into b. Then, =;'r, is a permutation that
maps a into a, because =;! maps b into a. Since 77 'r, is a permuta-
tion in the set {my,msms, . . .}, m(x;'Tr,) = 7, is a permutation in
the set {w.mi,mme,mm3, . . .}. Therefore, we conclude that there
are exactly 5(a) permutations in @ that map a into b.

Leta,b,c, . . . , hbethe elementsin S that are in one equiva-
lence class. All the permutations in G can be categorized as those
that map a into a, those that map a into b, those that map a into ¢,

. , and those that map a into A. Since we have shown that
there are exactly n(a) permutations in each of these categories we
have
|G|

number of elements in the equivalence class containing a

n(a) =

Using a similar argument, we obtain
72(0) = n(c) = - - - =n(h)
14

" number of elements in the equivalence class containing a

and, therefore,
n(a) + 9(b) + () + - - - + (k) = |G
It follows that, for any equivalence class of elements in S,

7(s) = |G| )

all s in the equivalence class

and

_ (number of equivalence classes
sesn(S) B ( into which S is divided ) X |G|

Therefore, we have

into which S is divided iG] Il Y ¥ m

Number of equivalence classes 1 Z n(s) = 1
r=p =
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Example 5-2 Find the number of distinct strings of length 2 that are

made up of blue beads and yellow beads. The two ends of a string
are not marked, and two strings are, therefore, indistinguishable if
interchanging the ends of one will yield the other. Let b and y
denote blue and yellow beads, respectively. Let bb, by, yb, and yy
denote the four different strings of length 2 when equivalence
between strings is not taken into consideration. The problem
is to find the number of equivalence classes into which the set
S = {bb,by,yb,yy} is divided by the equivalence relation induced by
the permutation group G = {r,72}, where

1r=bbbyybyy 1r=bbbyybyy
17 \bb by yb yy 27 \bb yb by yy

The permutation 7; merely indicates that every string is equivalent
to itself, and the permutation 7. indicates the equivalence between
strings when the two ends of a string are interchanged. According
to Burnside’s theorem, the number of distinct strings is

%4 +2) =3

Similarly, for the case of distinct strings of length 3 made up
of blue beads and yellow beads, we have the set S = {b<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>